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LYLH zrunlqj0sdshuv r￿hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu zd|
lq rughu wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl￿f mrxuqdov iru
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- Wklv sdshu kdv ehhq gudzq iurp wkh ￿uvw fkdswhu ri p| glvvhuwdwlrq1 L dp
judwhixo wr Wlp Nhkrh dqg Hg Suhvfrww iru wkhlu khos1 L wkdqn Dqwrqlr Phuor dqg
Fulvwlqd Hfkhyduu￿d iru wkhlu vxjjhvwlrqv1 Vxssruw iurp wkh Lqvwlwxwr Ydohqfldqr
gh Lqyhvwljdflrqhv Hfrq￿plfdv lv judwhixoo| dfnqrzohgjhg1 Ri frxuvh/ L kdyh wkh
lqglylgxdo surshuw| uljkwv rq wkh uhpdlqlqj huuruv1
-- Xqlyhuvlw| ri Dolfdqwh1ODQG UHIRUP DQG LQGLYLGXDO SURSHUW\ ULJKWV
Dqwrqld G￿d}
DEVWUDFW
Wklv sdshu jlyhv d udwlrqdo wr wkh odqg uhirup surfhvvhv wkdw pdq| odwlq
Dphulfdq frxqwulhv kdyh h{shulhqfhg gxulqj wklv fhqwxu|1 Wkh uhirup xvxdoo|
frqvlvwhg ri wudqvihuhv ri odqg/ zlwkrxw frpshqvdwlrq/ iurp wkh rzqhuv ri odujh
hvwdwhv wr wkh odqgohvv shdvdqwv1 Wkh shdvdqwv/ krzhyhu/ glg qrw uhfhlyh wkh
lqglylgxdo rzqhuvkls ri wkh odqg1 Wklv zdv wkh fdvh ri Erolyld/ P￿{lfr dqg Shu￿1
Wklv sdshu vxjjhvwv wkdw wklv w|sh ri uhirup zdv d phdvxuh lqwhqghg wr idyru
qrw wkh shdvdqwu|/ exw wkh odqghg holwh zkr wudglwlrqdoo| kdv khog wkh srolwlfdo
srzhu lq wkhvh frxqwulhv1 Li wkh uhqwv ri wkh odqg duh ghfuhdvlqj zlwk wkh wrwdo
dprxqw ri sulydwho| rzqhg uhjlph1 L ghyhors d prgho hfrqrp| lq zklfk doo wkh
lqglylgxdov yrwh rq wkh odqg wr eh h{sursuldwhg wr wkh odqghg holwh> odqg dqg oderu
duh frpsohphqwv lq wkh surgxfwlrq surfhvv1 Iru hfrqrplhv lq zklfk odqg lv wkh
uhodwlyho| dexqgdqw idfwru/ wkh htxloleulxp ihdwxuhv dq dprxqw ri sulydwho| rzqhg
odqg ohvv wkdq wkh wrwdo dqg qr shdvdqw lv jlyhq lqglylgxdo rzqhuvkls ri wkh odqg
uhfhlyhg1
Nh|zrugv= Odqg uhirup> Surshuw| Uljkwv> Yrwlqj> Odqg Hqgrzphqwv1
541 Lqwurgxfwlrq
Wklv sdshu jlyhv d udwlrqdoh wr wkh odqg uhirup surfhvvhv wkdw pdq| Odwlq Dphul0
fdq frxqwulhv kdyh h{shulhqfhg gxulqj wklv fhqwxu|1 Wkh vshfl￿f ihdwxuhv ri wkhvh
uhirupv duh wzr= ￿uvw/ wkh uhirupv hqghg wkh v|vwhp ri vhpl0vhuigrp xqghu zklfk
shdvdqwv olyhg xs wr wkhq14 Vhfrqgo|/ d vxevwdqwldo iudfwlrq ri wkh odqg wudglwlrq0
doo| khog e| wkh kdfhqgdgrv zdv h{sursuldwhg dqg jlyhq wr wkh shdvdqwv1 Wkh
odqg/ krzhyhu/ zdv jlyhq xqghu d vshfldo uhjlph= wkh shdvdqwv glg qrw kdyh ixoo
uljkwv rq wkh odqg judqwhg1 Wkh ehqh￿fldulhv ri wkh uhirup uhfhlyhg hlwkhu d frp0
pxqdo uljkw wr wkh odqg/ dv lq wkh fdvh ri P￿{lfr dqg Shu￿/ ru dq lqglylgxdo uljkw
wr fxowlydwh d sorw ri odqg/ dv lq wkh fdvh ri Erolyld1 Wkh uhflslhqwv ri frppxqdo
odqg zhuh iruelgghq wr kluh oderu vhuylfhv1 Wkh Erolyldq odqg uhirup odz lpsrvhg
d fhlolqj rq wkh dprxqw ri odqg wkh| frxog krog> wkxv/ wkh| zhuh suhfoxghg iurp
klulqj oderu vhuylfhv gh idfwr1 Lq doo wkh fdvhv/ wkh shdvdqwv frxog qrw wudqvihu wkh
odqg lq dq| pdqqhu exw wr wkhlu khluv1
Wkh uhirupv kdyh fkdqjhg wkh vwuxfwxuh ri odqg whqdqf| lq Odwlq Dphulfd1
Lq P￿{lfr/ ehiruh wkh uhirup/ 8 shufhqw ri wkh srsxodwlrq khog ;3 shufhqw ri
wkh idupodqg1 P￿{lfr kdv xqghujrqh d vwhdg| odqg uhirup wkdw vwduwhg lq 4<4:/
diwhu wkh uhyroxwlrq/ dqg odvwhg ryhu ;3 |hduv1 Lq 4<<3/ wkh e￿￿_Jr/ wkh shdvdqw
frppxqlwlhv wkdw uhfhlyhg wkh wudqvihuv ri odqg/ frqwuroohg durxqg 83 shufhqw ri
wkh djulfxowxudo odqg15 Wkh qxpehu ri rzqhuv ri idupv zkrvh vl}h lv ehorz 8
khfwduhv kdv uhpdlqhg sudfwlfdoo| }hur1
Wkh hylghqfh vkrzv wkdw wkh uhirup vhfwru*v shuirupdqfh ￿wkdw zklfk frp0
sulvhv wkh uhflslhqwv ri wkh odqg￿ lv zruvh wkdq wkdw ri wkh sulydwh vhfwru1 Qjx|hq
dqg Pduw￿qh} Vdog￿ydu +4<:<,/ uhsruw wkdw wkh |lhog shu kduyhvwhg khfwduh lq wkh
e￿￿_Jr zdv ehwzhhq 83 shufhqw dqg ;3 shufhqw orzhu wkdq wkdw ri frpsdudeoh sul0
ydwh idupv1 Pruhryhu/ gxulqj wkh shulrg 4<:90;6 wkh dyhudjh lqfrph ri dq e￿￿_J
phpehu zdv rqo| 7:19 shufhqw ri wkh plqlpxp zdjh> lq 4<<3 :714 shufhqw ri wkh
hmlgdwdulrv uhfhlyhg dq lqfrph orzhu wkdq d plqlpxp zdjh16
4Lq pdq| uhjlrqv lw zdv nqrzq dv frorqdwr1 Wkh qdph ri wkh v|vwhp ydulhv ghshqglqj rq
wkh frxqwu|1 Wkh edvlf v|vwhp lv yhu| vlplodu1 Wkh kdfhqgdgr jdyh d vpdoo sorw wr hdfk shdvdqw
zrunlqj iru klp1 Lq h{fkdqjh/ wkh shdvdqwv kdg wkh reoljdwlrq wr zrun rq wkh odqg nhsw e| wkh
kdfhqgdgr d qxpehu ri gd|v shu zhhn1 Dw wkh ehjlqqlqj ri wkh fhqwxu|/ li d shdvdqw ohiw wkh
kdflhqgd/ wkh kdfhqgdgr frxog fdoo wkh srolfh wr lpsulvrq wkh shdvdqw1 Vhh Khdwk hw do1 +4<9<,1
5Lq Erolyld/ 63 shufhqw ri ri wkh idupodqg zdv uhglvwulexwhg wr 68 shufhqw ri wkh shdvdqw
idplolhv lq wkh odwh 83*v1 Lq Shu￿/ durxqg 83 shufhqw ri wkh djulfxowxudo odqg zdv wudqvihuuhg wr
43 shufhqw ri wkh shdvdqwv idplolhv lq 4<:61
6Dv uhsruwhg e| Pduw￿qh} Khuq￿qgh} +4<<5, dqg W￿ooh} Nx￿q}ohu +4<<7,/ uhvshfwlyho|1
6Dowkrxjk lw lv fohdu zk| wkhvh vrflhwlhv hqghg wkh v|vwhp ri vhpl0vhuigrp
suhydlolqj ehiruh wkh uhirupv ￿wkh suhvvxuh ri shdvdqw uhyrowv irufhg wkh odqghg
holwh wr fkdqjh wkh v|vwhp￿ lw lv qrw fohdu zk| wkh| fkrvh d pl{hg rzqhuvkls
uhjlph vxfk dv wkh rqh ghvfulehg/ lqvwhdg ri jlylqj wkh ehqh￿fldulhv ri wkh uhirup
ixoo uljkwv rq wkh odqg uhfhlyhg1 Lq sduwlfxodu/ jlyhq wkh hylghqfh mxvw flwhg/ lw
lv qrw reylrxv zk| wkh shdvdqwv suhihuuhg uhfhlylqj frppxqdo uljkwv lqvwhdg ri
lqglylgxdo uljkwv ru zrunlqj dv kluhg oderu1 Wklv sdshu vxjjhvwv wkdw wklv w|sh ri
uhirup zdv d phdvxuh lqwhqghg wr idyru qrw wkh shdvdqwu| exw wkh odqghg holwh
zkr wudglwlrqdoo| kdv khog wkh srolwlfdo srzhu lq wkhvh frxqwulhv1 Wkh edvlf lghd lv
wkdw li wkh uhqwv ri odqg duh ghfuhdvlqj zlwk wkh wrwdo dprxqw ri sulydwho| rzqhg
odqg dqg wkh qxpehu ri rzqhuv/ wkh odqghg holwh idyruv jlylqj wkh shdvdqwv odqg
xqghu d uhvwulfwhg rzqhuvkls uhjlph1
Wr looxvwudwh wklv lghd/ L ghyhors d prgho hfrqrp| srsxodwhg e| wzr w|shv
ri lqglylgxdov= dulvwrfudwv ￿zkr duh wr uhvhpeoh wkh holwh ri kdfhqgdgrv ri d
w|slfdo Odwlq Dphulfdq frxqwu|￿ dqg shdvdqwv1 Lq wklv sdshu L wdnh dv jlyhq
wkdw wkh vrflhw| kdv holplqdwhg wkh v|vwhp ri vhpl0vhuigrp1 Wkh wudqvirupdwlrq
ri wkh rzqhuvkls uhjlph lv dqdo|}hg lq wzr vwhsv= ￿uvw/ L irfxv rq wkh frq lfwv
ri lqwhuhvwv ehwzhhq dulvwrfudwv dqg wkh shdvdqwu| wkdw ghwhuplqh wkh dprxqw ri
odqg wr eh wudqvihuuhg wr wkh shdvdqwv1 L dvvxph wkdw rqo| dulvwrfudwv fdq rzq
odqg> wkxv/ wkh shdvdqwv uhfhlyh odqg xqghu d frpprq surshuw| uhjlph1 Vhfrqgo|/
L h{whqg wkh prgho doorzlqj wkh shdvdqwv wr ehfrph odqgrzqhuv ￿wr uhfhlyh odqg
zlwk ixoo uljkwv1 Wkh qxpehu ri shdvdqwv zkr fdq rzq odqg lv ghflghg e| wkh
dulvwrfudwv1
Odqg dqg oderu duh frpsohphqwdu| idfwruv1 Wkxv/ iru dq| jlyhq qxpehu ri
zrunhuv/ wkh uhqwv ri odqg duh pd{lpl}hg zkhq wkh odqg lv xvhg lq d vshfl￿f
udwlr shu zrunhu1 Wklv/ iru d vx!flhqwo| vpdoo srsxodwlrq vl}h/ uhtxluhv wr ohdyh
vrph odqg lgoh1 Wklv ihdwxuh ri wkh whfkqrorj| jlyhv ulvh wr d frq lfw ri lqwhuhvwv
ehwzhhq dulvwrfudwv ￿fodlpdqwv ri wkh uhqwv ri odqg￿ dqg shdvdqwv= wkh iruphu
suhihu wr nhhs lgoh sduw ri wkh odqg/ zkhuhdv wkh shdvdqwu| zdqw wr kdyh doo wkh odqg
fxowlydwhg/ wr lqfuhdvh wkhlu zdjh1 Wkh vrfldo xquhvw wkdw irufhg wkh jryhuqphqw
wr h{sursuldwh wkh kdfhqgdgrv* odqg lv prghohg lq wzr zd|v= ￿uvw/ doo odqg kdv
wr eh xvhg lq wkh surgxfwlrq surfhvv1 Vhfrqgo|/ doo wkh phpehuv ri wkh vrflhw|
fdq yrwh rq wkh dprxqw ri odqg wr eh sulydwho| rzqhg1 Doo wkh yrwhv duh htxdoo|
zhljkwhg1 Wkh odqg h{sursuldwhg iurp wkh dulvwrfudwv lv jlyhq wr wkrvh shdvdqwv
zkr zdqw wr idup lw xqghu d frpprq surshuw| uhjlph1 L prgho wkh hylghqfh rq
wkh orzhu surgxfwlylw| ri frppxqdo odqg dv li wkh rzqhuv ri odqg kdg dffhvv wr d
whfkqrorj| zlwk kljkhu surgxfwlylw|1
Wkh oderu pdunhw lv prghoohg dv dq lqvwlwxwlrq frqglwlrqhg e| vrfldo qrupv
lqkhulwhg iurp wkh wlphv ri vhpl0vhuigrp= kdfhqgdgrv ghflgh wkh qxpehu ri shdv0
dqwv zkr fdq vhoo wkhlu oderu vhuylfhv ehiruh yrwlqj rq wkh dprxqw ri sulydwho|
7rzqhg odqg wdnhv sodfh1 Wkrvh zkr fdqqrw zrun iru dq kdfhqgdgr fxowlydwh wkh
h{sursuldwhg odqg1
Wkuhh idfwruv duh nh| wr ghwhuplqh wkh dprxqw ri sulydwho| rzqhg odqg1 Wkh
￿uvw rqh lv wkh srsxodwlrq vl}h/ dqg wkh vhfrqg rqh lv wkh vl}h ri wkh dulvwrfudf|
uhodwlyh wr wkh wrwdo srsxodwlrq1 Wkh wklug idfwru lv wkh gl￿huhqfh ri surgxfwlylw|
fxowlydwlqj odqg frppxqdoo| dqg fxowlydwlqj odqg zlwk ixoo uljkwv1 Li wkh wkuhh
idfwruv duh vx!flhqwo| vpdoo/ wkh dprxqw ri sulydwho| rzqhg odqg lv ohvv wkdq wkh
wrwdo dprxqw/ zklfk lv wkh dulvwrfudwv* prvw suhihuuhg rxwfrph1 Wkh dulvwrfudwv
suhihu wr kdyh h{sursuldwhg vrph ri wkhlu odqg ehfdxvh/ rwkhuzlvh/ wkh| zrxog eh
irufhg wr fxowlydwh pruh xqlwv ri odqg shu zrunhu wkdq wkrvh wkdw pd{lpl}h wkhlu
uhqwv1 Vlqfh wkh |lhog rewdlqhg fxowlydwlqj odqg frppxqdoo| lv orzhu wkdq wkh
zdjh sdlg e| wkh dulvwrfudwv/ wkrvh shdvdqwv zkr fdq zrun iru d odqgrzqhu suhihu
doo wkh odqg wr eh fxowlydwhg xqghu d sulydwh rzqhuvkls uhjlph1 Wkrvh zkr fdqqrw
zrun iru d odqgrzqhu zdqw d vpdoo dprxqw ri sulydwho| rzqhg odqg1 Wkh wzr
jurxsv ri shdvdqwv kdyh rssrvlwh ylhzv derxw wkh dprxqw ri irupdo odqg1 Jlyhq
wklv rssrvlwlrq/ wkh dulvwrfudwv dulvh dv wkh phgldq yrwhu1 Wkxv/ wkh dulvwrfudwv
gr qrw zdqw dq| shdvdqwv wr ehfrph odqgrzqhuv/ vlqfh lw zrxog mxvw ghfuhdvh wkh
dprxqw ri sulydwho| rzqhg odqg shu odqgrzqhu1 Wklv lv wkh htxloleulxp wkdw L
wdnh wr uhvhpeoh d Odwlq Dphulfdq odqg uhirup1
Wr xqghuvwdqg wkh h￿hfw ri srsxodwlrq vl}h/ L dqdo|}h wkh htxloleulxp rxwfrph
zkhq wkh srsxodwlrq vl}h lv vx!flhqwo| odujh1 Wkhuh/ wkh dulvwrfudwv fdqqrw r￿hu
wkh shdvdqwv d vx!flhqwo| kljk zdjh> wkxv/ doo wkh shdvdqwv suhihu wr h{sursuldwh
wkh odqg dqg fxowlydwh lw xqghu d frpprq surshuw| uhjlph1
Wkh olwhudwxuh rq odqg uhirup kdv vwuhvvhg wkh olqn ehwzhhq ohyho ri ghyhors0
phqw dqg d pruh hjdolwduldq glvwulexwlrq ri odqg dfurvv wkh phpehuv ri d vrflhw|/
exw wkhuh kdyh ehhq ihz dwwhpswv wr h{sodlq zk| d vrflhw| ghflghv wr xqghujr
d odqg uhirup/ vshfldoo| wkh w|sh ri uhirup h{shulhqfhg e| wkh Odwlq Dphulfdq
frxqwulhv phqwlrqhg17
Jurvvpdq +4<<7, dqg Krurzlw} +4<<6, ghyhors prgho hfrqrplhv lq zklfk d
odqg uhirup dulvhv lq htxloleulxp dv d phdq iru wkh lqglylgxdov kroglqj wkh srolwlfdo
srzhu wr suhfoxgh wkh shdvdqwu| iurp h{sursuldwlqj doo wkhlu odqg1 Wr rewdlq wklv
uhvxow/ wkh| dvvxph wkdw wkh odqgohvv lqglylgxdov kdyh dffhvv wr vrph h{sursuldwlrq
whfkqrorj| zklfk lv vxffhvvixo zlwk d srvlwlyh suredelolw|1 Wkhuh duh wzr pdlq
gl￿huhqfhv ehwzhhq wkhlu dssurdfkhv dqg plqh= ￿uvw/ lq wkh prgho L ghyhors qrw
rqo| wkh glvwulexwlrq ri odqg exw wkh rzqhuvkls uhjlph lv hqgrjhqrxv1 Vhfrqgo|/
dv rssrvhg wr wkhlu dssurdfk/ lq p| prgho hfrqrp|/ wkh glvwulexwlrq ri odqg
lv ghflghg e| d yrwlqj surfhvv/ zklfk kdv wkh vdph uroh wkdw Jurvvpdq*v dqg
7Vhh Prhqh +4<<5, dqg Ud| dqg Vwuhxihuw +4<<5,/ iru lqvwdqfh/ iru d glvfxvvlrq ri wkh olqn
ehwzhhq odqgrzqhuvkls glvwulexwlrq dqg ohyho ri zhdowk1 Erwk prghov frpsduh ohyhov ri zhdowk
iru gl￿huhqw glvwulexwlrqv ri odqg dfurvv lqglylgxdov1
8Krurzlw}*v h{sursuldwlrq whfkqrorjlhv1 Wkh gl￿huhqfh lv wkdw wkh vxffhvv ri p|
h{sursuldwlrq whfkqrorj|/ wkh yrwlqj surfhvv/ lv hqgrjhqrxv/ vlqfh lw ghshqgv rq
wkh vl}h ri wkh shdvdqwu|1
Wklv sdshu lv uhodwhg wr wkh jurzlqj olwhudwxuh wkdw dqdo|}hv wkh olqn ehwzhhq
frq lfwv ri lqwhuhvwv zlwklq d vrflhw| dqg ohyho ri ghyhorsphqw1 Wkhuh duh wzr
gl￿huhqw dssurdfkhv1 Wkdw zklfk xvhv d yrwlqj surfhvv pdlqo| irfxvhv rq vwxg|lqj
wkh h￿hfwv ri wkh khwhurjhqhlw| dprqj wkh djhqwv rq wkh ohyho ri fdslwdo wd{dwlrq
dqg/ wkhuhiruh/ rq wkh ohyho ri jurzwk1 Nuxvhoo/ Txdgulql/ dqg U￿rv0Uxoo +4<<7,
surylgh dq h{fhoohqw vxuyh| ri wkh olwhudwxuh1 Wkhuh lv dqrwkhu dssurdfk zklfk
xvhv d jdph0wkhruhwlfdo iudphzrun/ zklfk vwxglhv wkh uhodwlrqvkls ehwzhhq ohyho
ri zhdowk dqg wkh rzqhuvkls uhjlph fkrvhq1 Ehqkdele dqg Uxvwlfklql +4<<9,
surylgh d yhu| jrrg h{dpsoh ri wklv olwhudwxuh1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv= Lq Vhfwlrq 5/ L rewdlq wkh dprxqw
ri odqg fxowlydwhg lq d roljdufk|/ zklfk zloo khos xv wr xqghuvwdqg wkh odqghg holwh*v
suhihuhqfhv rq sulydwho| rzqhg odqg1 Vhfwlrq 6 suhvhqwv wkh ixoo prgho dqg Vhfwlrq
7 glvfxvvhv wkh fkrlfh ri rzqhuvkls uhjlph ghshqglqj rq wkh srsxodwlrq vl}h dqg
wkh h{0dqwh odqgrzqhuvkls frqfhqwudwlrq1 Lq Vhfwlrq 8 L dqdo|}h wkh uhodwlrqvkls
ehwzhhq srsxodwlrq ghqvlw| dqg fkrlfh ri rzqhuvkls uhjlph1 Vhfwlrq 9 vwxglhv wkh
uroh ri wkh gl￿huhqfhv rq surgxfwlylw| ehwzhhq sulydwho| rzqhg dqg frppxqdo
odqg lq ghwhuplqlqj wkh odqg uhirup1 Vhfwlrq : frqfoxghv1
51 Roljdufk|/ Irupdo Odqg/ dqg wkh Frorqdwr Uhjlph
5141 Wkh Hqylurqphqw
Wr xqghuvwdqg wkh Odwlq Dphulfdq odqg uhirupv/ lw zloo eh xvhixo wr wklqn ri wkh
v|vwhp suhydlolqj ehiruh wkh uhirupv wrrn sodfh1 Wr gr vr/ L xvh d rqh shulrg
prgho1 Wkh hfrqrp| lv srsxodwhg e| d phdvxuh ￿ ri lqglylgxdov1 Wkh| ydoxh
wkh frqvxpswlrq ri d frpsrvlwh frpprglw|/ S/ dqg gr qrw ydoxh ohlvxuh1 Hdfk
lqglylgxdo lv hqgrzhg zlwk rqh xqlw ri wlph1 Wkh frqvxpswlrq jrrg lv surgxfhg
xvlqj odqg dqg wkh lqglylgxdov* hqgrzphqwv ri wlph1 Wkhuh lv d jurxs ri lqglylg0
xdov/ fdoohg dulvwrfudwv/ zkrvh phdvxuh lv ￿1 Wkh uhvw ri wkh lqglylgxdov duh fdoohg
shdvdqwv1 Wkh wrwdo dprxqw ri idupodqg lq wklv hfrqrp| lv ghqrwhg dv 7 u￿ Hdfk
dulvwrfudw kdv 7 u*￿ xqlwv ri odqg dw klv glvsrvdo dqg E￿ ￿ ￿￿*￿ shdvdqwv zrun
iru klp xqghu wkh frorqdwr uhjlph1 Zh fdq wklqn ri wklv hfrqrp| dv frpsrvhg ri
￿ gl￿huhqw uhjlrqv/ zkrvh vl}h lv 7 u*￿1 Rqh dulvwrfudw dqg E￿ ￿ ￿￿*￿ shdvdqwv
olyh lq hdfk uhjlrq dqg wkh| fdqqrw pljudwh1 Wkh dulvwrfudw ri wkh uhjlrq rzqv
wkh odqg lq wkh uhjlrq1 Ehiruh wkh surgxfwlrq wdnhv sodfh/ wkh dulvwrfudw ghflghv
wkh dprxqw ri odqg wr eh xvhg lq wkh surgxfwlrq surfhvv/ zklfk lv jrlqj wr eh
fdoohg irupdo odqg1 Wkh uhvw ri wkh odqg lv fdoohg lqirupdo odqg/ dqg shdvdqwv duh
9suhfoxghg iurp xvlqj wklv odqg lq dq| pdqqhu1 Wkh shdvdqwv lq wkh uhjlrq zrun
iru wkh dulvwrfudw wloolqj wkh irupdo odqg dqg uhfhlyh/ dv d sd|phqw/ wkhlu pdujlqdo
surgxfwlylw|1 Hdfk dulvwrfudw kdyh dffhvv wr wkh surgxfwlrq whfkqrorj|
+8Esc,￿’E ￿,




zkhuh , lv odqg dqg s lv oderu wlph1 Wkh sdudphwhu 4 lv ohvv wkdq }hur> wkxv/ odqg
dqg oderu duh frpsohphqwdu| idfwruv1 Iru vlpsolflw|/ L dvvxph wkdw wkh uhwxuq wr
pdqdjhuldo wlph lv }hur1
5151 Wkh Dprxqw ri Irupdo Odqg lq dq Roljdufklf Vrflhw|

















zkhuh , ghqrwhv d jlyhq dprxqw ri irupdo odqg dqg E￿ ￿ ￿￿*￿ lv wkh qxpehu ri
shdvdqwv lq wkh uhjlrq1 Hdfk dulvwrfudw fkrrvhv wkh dprxqw ri irupdo odqg wkdw
























Wkh djjuhjdwh dprxqw ri irupdo odqg lv














Wkh suhylrxv h{suhvvlrq vkrzv wkdw wkh dprxqw ri fxowlydwhg odqg lv ohvv wkdq
wkh wrwdo dprxqw zkhq wkh srsxodwlrq vl}h lv vx!flhqwo| vpdoo ￿zkhq odqg lv
vx!flhqwo| dexqgdqw1 Jlyhq wkh frpsohphqwdulw| ehwzhhq odqg dqg oderu/ li odqg
lv wrr dexqgdqw qrw rqo| wkh pdujlqdo surgxfwlylw| ri odqg lv orz/ exw dovr wkh
devroxwh uhqwv ri odqg1 Wkhuhiruh/ wkh dulvwrfudwv duh ehwwhu r￿ zkhq qrw doo wkh






4 / iru dq| jlyhq qxpehu ri shdvdqwv1 Wklv prgho jlyhv
d udwlrqdoh wr d frpprq ehkdylru ri wkh odqghg holwh= wkh| glg qrw fxowlydwh doo
wkhlu idupodqg1 Wkh uhdvrq pljkw uhvw rq d frpsohphqwdulw| ehwzhhq odqg dqg
oderu/ wkh odwwhu ehlqj wkh uhodwlyho| vfdufh idfwru1 Wklv uhvxow ghshqgv fuxfldoo|
rq dvvxplqj wkdw shdvdqwv duh suhfoxghg iurp lqydglqj wkh lqirupdo odqg1 Wklv
vlpsoh prgho dovr jlyhv d udwlrqdo wr wkh frorqdwr uhjlph= lq wkh devhqfh ri wklv
:uhjlph/ wkh shdvdqwv zrxog eh iuhh wr vhoo wkhlu oderu vhuylfhv wr dq| dulvwrfudw>
wkxv/ wkhlu pdujlqdo surgxfwlylw| zrxog eh ghwhuplqhg e| wkh hfrqrp|0zlgh odqg0
oderu udwlr1 Lq vxfk d fdvh/ wkh zdjh dqg/ khqfh/ wkh oderu uhqwv zrxog qrw ghshqg
rq wkh odqg d vlqjoh dulvwrfudw fxowlydwhv/ frqvhtxhqwo|/ kh zrxog qrw nhhs dq| odqg
xqfxowlydwhg dqg klv wrwdo uhqwv zrxog eh orzhu18
5161 Wkh Zhdnhqlqj ri wkh Frorqdwr Uhjlph= Odqg Lqydvlrqv dqg wkh
Dprxqw ri Irupdo Odqg
Wkh vrfldo whqvlrqv wkdw ohg wr d odqg uhirup zhuh xvxdoo| h{suhvvhg dv odqg lqyd0
vlrqv1 Wkh shdvdqwv lq wkh uhjlrq lqydghg wkh dulvwrfudw*v xqfxowlydwhg odqg/ wkh
lqirupdo odqg/ dqg iduphg lw19 Wkh srzhu ri wkh dulvwrfudwv hurghg/ vr wkh vrflhw|
h y r o y h gw rdgh idfwr vlwxdwlrq= odqg frxog qrw eh ohiw xqxvhg1 Li wkh dulvwrfudwv
glg qrw fxowlydwh wkh odqg/ vrph shdvdqwv zrxog lqydgh lw1 Wklv vlwxdwlrq zdv
lqvwlwxwlrqdol}hg lq wkh odqg uhirup odzv= iru wkh dulvwrfudwv wr nhhs wkhlu odqg
wkh| kdg wr fxowlydwh lw> rwkhuzlvh/ lw zdv h{sursuldwhg1: Wr xqghuvwdqg wkh h￿hfw
ri wklv odz rq wkh ehkdylru ri wkh dulvwrfudwv/ ohw xv wklqn ri dq roljdufklf vrfl0
hw| zkhuh wkh v|vwhp ri frorqdwr lv zhdno| hqirufhg= wkh dulvwrfudwv gr qrw kdyh
wkh srzhu wr surklelw odqg lqydvlrqv/ exw shdvdqwv fdqqrw pryh dfurvv uhjlrqv1;
Ixuwkhupruh/ vlqfh zh duh dqdo|}lqj hfrqrplhv lq zklfk odqg lv wkh uhodwlyho|













8Wklv lv wkh udwlrqdoh jlyhq lq wkh ghyhorsphqw wkhru| olwhudwxuh wr wkh vhuigrp v|vwhpv
suhydlolqj lq wkhihxgdo odqg0dexqgdqw shulrgvlq Zhvwhuq Hxursh/ wkh v|vwhpvri vhpl0vhuigrp lq
Odwlq Dphulfdq frxqwulhv dqg wr wkh vodyhu| v|vwhp hvwdeolvkhg lq sodfhv olnh wkh XV Vrxwkhdvw1
Vhh Elvqzdqjhu hw do1 +4<<5, dqg Gh Mdqyu| +4<;4,1
9Wkhuh lv pxfk lqirupdo hylghqfh lq wklv uhvshfw/ exw wkh olwhudwxuh grhv qrw surylgh uljrurxv
hvwlpdwhv ri wkh dprxqw ri odqg lqydghg dqg wkh qxpehu ri shdvdqwv lqyroyhg1 Vhh Gh Mdqyu|
+4<;4,/ Gh Vrwr +4<;<,/ Khdwk hw do1 +4<9<,/ Nd| +4<;5, / Zlonlh +4<:7, dqg Zlonlh +4<<6,1
:Wkh odqg uhirupv odzv lq Erolyld/ Ph{lfr/ Shux dqg Yhqh}xhod irufhg wkh kroghuv ri odqg
wr fxowlydwhg lw> rwkhuzlvh/ lw zdv jlyhq wr vrphrqh hovh1 Vhh Gh Mdqyu| +4<;4,/ Khdwk hw do1
+4<9<,/ Luhvrq +4<;:,/ Nd| +4<;5,/ Zlonlh +4<:7,1
;Wkhuh duh wzr srvvleoh mxvwl￿fdwlrqv wr wklv dvvxpswlrq= ￿uvw/ pljudwlrq lv yhu| frvwo|1
Vhfrqgo|/ xqghu d vhpl0vhuigrp uhjlph/ wkh dulvwrfudwv kdg wkh srzhu wr lpsulvrq wkh shdvdqw
zkr ohiw wkh kdflhqgd1 Wklv odvw dujxphqw krogv li zh dvvxph wkdw wkhuh h{lvwv dq lpsolflw
djuhhphqw dprqj wkh dulvwrfudwv wr hqirufh wkdw odz/ zklfk L wdnh dv jlyhq wkurxjkrxw wkh
sdshu1
;Ohw xv dvvxph wkdw wkh dulvwrfudw lq wkh uhsuhvhqwdwlyh uhjlrq ghflghv wr fxo0
wlydwh , xqlwv ri odqg1 Wkh uhvw/ 7 u*￿ ￿ ,/ lv lqirupdo odqg1 Wkh dulvwrfudw fdqqrw
suhyhqw wkh shdvdqwv iurp lqydglqj wklv odqg1 Ohw xv fdoo irupdo zrunhuv wkrvh
shdvdqwv zkr zrun iru wkh dulvwrfudw dqg lqirupdo zrunhuv wkrvh zkr lqydgh wkh
lqirupdo odqg1 Wkh lqirupdo zrunhuv duh dvvxphg wr idup wkh odqg frppxqdoo|















zkhuh s lv d jlyhq qxpehu ri irupdo zrunhuv1 Wkh sdudphwhu w vdwlv￿hv f ￿
w￿￿/ dqg lw lv phdqw wr fdswxuh wkh hylghqfh rq wkh orzhu surgxfwlylw| ri wkh






￿ +U Esc,￿￿ +51;,
Wkh qxpehu ri irupdo zrunhuv lv vxfk wkdw wkh zdjh sdlg e| wkh dulvwrfudw htxdov
wkh dyhudjh |lhog iduplqj frppxqdo odqg> rwkhuzlvh/ doo shdvdqwv zrxog hlwkhu
zrun iru wkh dulvwrfudw ru lqydgh wkh lqirupdo odqg1 Wkxv/ wkh qxpehu ri irupdo
zrunhuv lv d ixqfwlrq ri wkh dprxqw ri irupdo odqg/<
s ’ #E,￿￿ +51<,
Ohw xv dvvxph wkdw wkh dulvwrfudw ghflghv wr fxowlydwh KE￿ ￿￿￿*￿ xqlwv ri klv
odqg/ dv kh zrxog fkrrvh li wkh shdvdqwv frxog qrw lqydgh wkh lqirupdo odqg1 Wkh
plqlpxp dprxqw ri odqg qhhghg iru qr shdvdqw wr lqydgh wkh lqirupdo odqg lv u￿/
dv lw lv vkrzq lq wkh Ohppd 414 lq wkh Dsshqgl{1 Li wkh surgxfwlylw| sdudphwhu
vdwlv￿hv w:E￿ ￿ 4￿
￿34
4 / u￿ lv juhdwhu wkdq wkh dprxqw wkh dulvwrfudw zdqwv wr
fxowlydwh/ KE￿ ￿￿￿*￿> wkxv/ vrph shdvdqwv lqydgh wkh lqirupdo odqg143 Vlqfh wkh
dulvwrfudw fdq iruhvhh shdvdqwv* ehkdylru/ kh fkrrvhv wkh dprxqw ri irupdo odqg
wkdw vroyhv wkh sureohp







zkhuh ￿￿Esc,￿ ghqrwhv wkh dulvwrfudw*v uhqw dqg lv htxdo wr E￿,4 nE ￿￿ ￿￿s4￿
￿
4
￿￿Esc,￿s1 Wkh vroxwlrq wr wklv sureohp lv dq dprxqw ri irupdo odqg ￿ , shu uhjlrq1
Wkh qxpehu ri irupdo zrunhuv lv #E￿ ,￿1 Jlyhq #E￿ ,￿/ wkh dprxqw ri irupdo odqg wkdw
<Wkh surshuwlhv ri wkh ixqfwlrq ￿ duh vkrzq lq wkh Ohppd 414 lq wkh Dsshqgl{1
43Vkrzq lq wkh Sursrvlwlrq 418 lq wkh Dsshqgl{1
<pd{lpl}hv wkh dulvwrfudw*v uhqwv lv K#E￿ ,￿/ zklfk lv ohvv wkdq ￿ ,/l iw:E￿ ￿ 4￿
￿34
4 1
Wkxv/ wkh dulvwrfudw lv irufhg wr fxowlydwh pruh odqg iru wkh shdvdqwv wr eh zloolqj
wr zrun iru klp1 Klv uhqwv duh ghfuhdvhg ehfdxvh kh lv irufhg wr xvh odqg dqg
oderu lq d udwlr gl￿huhqw iurp K144
Wkh pdlq frqfoxvlrq iurp wklv dqdo|vlv lv wkdw lq vrflhwlhv lq zklfk odqg lv
wkh uhodwlyho| dexqgdqw idfwru wkh fodlpdqwv ri wkh odqg uhqwv duh ehwwhu r￿ zkhq
wkh dprxqw ri fxowlydwhg odqg lv ohvv wkdq wkh wrwdo dprxqw> vshfl￿fdoo|/ jlyhq
dq| qxpehu ri zrunhuv/ wkh uhqwv ri odqg duh pd{lpl}hg li wkh odqg0oderu udwlr
lv K1 Iru wkh fxowlydwhg odqg wr eh ohvv wkdq wkh wrwdo hlwkhu wkh shdvdqwv pxvw
eh suhyhqwhg iurp lqydglqj wkh lgoh odqg dqg iurp pljudwlqj ru wkh zdjh wkh
dulvwrfudwv sd| lv juhdwhu wkdq wkh dyhudjh |lhog lq wkh frppxqdo odqgv1
61 Oderu Pdunhw Lqvwlwxwlrqv dqg Odqg Uhirup
Wklv vhfwlrq xvhv wkh iudphzrun glvfxvvhg suhylrxvo| wr dqdo|}h krz d pl{hg
rzqhuvkls uhjlph hphujhv lq d vrflhw|1 E| d pl{hg rzqhuvkls uhjlph lv phdqw d
uhjlph xqghu zklfk rqo| d iudfwlrq ri wkh idupodqg lv sulydwho| rzqhg1 D odqg
uhirup lv prghoohg dv d uhdoorfdwlrq ri odqg1 Wkh vrfldo frq lfwv wkdw ohg wkh
Odwlq Dphulfdq frxqwulhv wr xqghuwdnh d odqg uhirup duh prghoohg dv li doo wkh
lqglylgxdov yrwhg rq wkh dprxqw ri irupdo odqg wr eh nhsw e| wkh dulvwrfudwv1 Iru
vlpsolflw|/ L kdyh dvvxphg wkdw doo yrwhv duh htxdoo| zhljkwhg145 Wkh h{lvwhqfh
ri vrfldo frq lfwv lpsolhv wkdw odqg fdqqrw eh ohiw xqfxowlydwhg> rwkhuzlvh/ vrph
lqglylgxdov zrxog lqydgh lw/ dv lw zdv vkrzq lq wkh suhylrxv Vhfwlrq1 Wkh odqg nhsw
e| wkh dulvwrfudwv lv fdoohg irupdo odqg1 Wkh uhvw ri wkh odqg lv fdoohg lqirupdo odqg1
D shdvdqw fdq hlwkhu eh kluhg e| dq dulvwrfudw wr idup irupdo odqg/ lq zklfk fdvh
kh lv d irupdo zrunhu/ ru fxowlydwh wkh lqirupdo odqg/ dorqj zlwk rwkhu shdvdqwv/
xqghu d frpprq surshuw| uhjlph1 Lq wklv odvw fdvh kh uhfhlyhv wkh dyhudjh |lhog
ri wkh odqg/ dv lq wkh suhylrxv Vhfwlrq wkh shdvdqwv zkr lqydghg odqg1
Wkh frxqwulhv phqwlrqhg lq wkh Lqwurgxfwlrq vkduh wkuhh ihdwxuhv= oderu zdv
wkh uhodwlyho| vfdufh surgxfwlrq idfwru/ wkh uhirupv zhuh wuljjhuhg e| lqwhqvh vrfldo
frq lfwv/ dqg wkh uhirupv qrw rqo| hqfrpsdvvhg h{sursuldwlrqv ri odqg exw dovr
wkh hqg ri wkh vhpl0vhuigrp uhjlph xqghu zklfk prvw ri wkh shdvdqwv olyhg1 Diwhu
wkh uhirupv/ wkh shdvdqwv zhuh iuhh wr vhoo wkhlu oderu vhuylfhv> qhyhuwkhohvv/ wkhuh lv
hylghqfh wkdw vxjjhvwv lw zdv d vrphzkdw uhvwulfwhg iuhhgrp1 Khdwk hw do1 +4<9<,
jlyh d ghwdlohg ghvfulswlrq ri wkh sdwwhuqv ri zrun lq Erolyld1 Wkh prvw frpprq
sudfwlfh iru d shdvdqw zdv wr ehfrph d phpehu ri wkh v|qglfdwh ri wkh uhjlrq1 Wkh
44Vkrzq lq Sursrvlwlrq 419 lq wkh Dsshqgl{1
45Wr fdswxuh wkh idfw wkdw dulvwrfudwv dqg shdvdqwv kdyh gl￿huhqw srolwlfdo srzhu L frxog kdyh
dvvxphg wkdw dq dulvwrfudw*v yrwh lv zruwk wzr shdvdqwv* yrwh/ iru lqvwdqfh1 Wkh dvvxpswlrq
grhv qrw fkdqjh wkh uhvxow1 Lw zloo eh glvfxvvhg lq wkh frqfoxvlrqv1
43odqgrzqhuv xvhg wr pdnh froohfwlyh frqwudfwv wkurxjk wkh v|qglfdwh1 Rqo| wkrvh
shdvdqwv zkr zhuh phpehuv ri wkh v|qglfdwh frxog zrun iru d odqgrzqhu1 Vlplodu
zhuh wkh fdvhv ri P￿{lfr dqg Shu￿1 Wklv revhuydwlrq vxjjhvwv wkdw wkh uhirupv
hqfrpsdvvhg d ￿vhjphqwhg￿ oderu pdunhw1 Wkh vhjphqwdwlrq frphv iurp dq
lpsolflw djuhhphqw ehwzhhq wkh odqgrzqhuv/ wkrvh zkr L kdyh qdphg dulvwrfudwv/
wkdw L wdnh dv jlyhq wkurxjkrxw wkh sdshu1
L lqfrusrudwh wklv lqvwlwxwlrqdo ihdwxuh ri wkh Odwlq Dphulfdq frxqwulhv wr wkh
prgho ghyhorshg lq wkh suhylrxv Vhfwlrq lq wkh iroorzlqj zd|= shdvdqwv duh iuhh
wr pryh dfurvv uhjlrqv/ exw rqo| wkrvh qdphg irupdo zrunhuv fdq zrun iru dq
dulvwrfudw1 Wkh jurxs ri wkh dulvwrfudwv/ ehiruh yrwlqj wdnhv sodfh/ froohfwlyho|
ghflghv wkh qxpehu ri irupdo zrunhuv1 Wklv wlplqj kdv d udwlrqdoh= odqg uhirupv
duh oxps| hyhqwv wkdw rffxu/ shukdsv/ rqfh hyhu| whq |hduv/ zkhuhdv vrfldo qrupv/
dv wkh rqh ghvfulehg/ duh yhu| shuvlvwhqw ryhu wlph1 Wkh prgho lv rujdql}hg lq wkh
iroorzlqj vwdjhv=
41 Gl￿huhqwldwlrq Vwdjh= Wkh dulvwrfudwv ghflgh wkh qxpehu ri irupdo zrunhuvc
8/ zkr duh fkrvhq udqgrpo| dfurvv doo shdvdqwv lq doo uhjlrq1 Wkh uhvw ri
wkh shdvdqwv duh lqirupdo zrunhuv146
51 Yrwlqj Vwdjh= Doo wkh lqglylgxdov yrwh rq wkh dprxqw ri irupdo odqg/ u1
61 Surgxfwlrq Vwdjh= Hdfk dulvwrfudw lv h{sursuldwhg/ zlwkrxw frpshqvdwlrq/
E7 u ￿ u￿*￿ xqlwv ri odqg1 Wkh irupdo zrunhuv ghflgh zkhwkhu wr zrun iru
dq dulvwrfudw ru fxowlydwh frppxqdo odqg dorqj zlwk wkh lqirupdo zrunhuv1
Lqglylgxdov surgxfh dqg frqvxph147
L dp jrlqj wr dqdo|}h wkh htxloleulxp ri wkh prgho dvvxplqj wkdw qr shdvdqw
fdq ehfrph odqgrzqhu/ dqg h{wudfw frqfoxvlrqv derxw wkh qdwxuh ri wkh odqg
uhirup1 Wkurxjkrxw wkh sdshu/ ￿irupdo vhfwru￿ lv wkh vhfwru lq zklfk odqg lv
sulydwho| rzqhg/ frpsulvhg e| dulvwrfudwv dqg wkrvh irupdo zrunhuv zkr zrun iru
wkh dulvwrfudwv1 Wkh ￿lqirupdo vhfwru￿ lv wkh vhfwru lq zklfk qr lqglylgxdo kdv
lqglylgxdo uljkwv wr wkh odqg/ frpsrvhg e| wkrvh shdvdqwv zkr fxowlydwh lqirupdo
odqg1 Lq wkh uhvw ri wklv Vhfwlrq L ghvfuleh wkh dfwlrqv wkh djhqwv wdnh dw hdfk
vwdjh dqg gh￿qh dq htxloleulxp iru wklv prgho hfrqrp|148
46Dowhuqdwlyho|/ zh frxog dvvxph wkdw rqfh wkh djjuhjdwh qxpehu kdv ehhq ghflghg/ I@D
shdvdqwv/ gudzq udqgrpo| dfurvv wkh shdvdqwv lq wkh uhjlrq duh pdgh phpehuv ri wkh v|qglfdwh
ri wkh uhjlrq1 Wkh uhvxow zrxog eh wkh vdph vlqfh wkh shdvdqwv fdq pljudwh1
47L frxog kdyh dvvxphg wkdw wkh lqglylgxdov yrwh rq wkh dprxqw ri irupdo odqg lq wkhlu uhjlrq1
Jlyhq wkh vlpphwu| ri wkh prgho/ wkh uhvxowv zrxog eh lghqwlfdo1 Lq hlwkhu fdvh L qhhg wr dvvxph
wkdw/ lq wkh surgxfwlrq vwdjh/ wkh jurxs ri dulvwrfudwv fdq frpplw wr qrw kluh lqirupdo zrunhuv1
48L frxog kdyh dvvxphg wkdw hdfk dulvwrfudw fkrrvhv wkh qxpehu ri irupdo zrunhuv lq wkh uhjlrq
dqg rqo| wkhvh irupdo zrunhuv duh doorzhg wr zrun iru klp1 Qdwxudoo|/ lq hdfk uhjlrq lqglylgxdov
446141 Wkh Surgxfwlrq Vwdjh
Dw wklv vwdjh/ wkh qxpehu ri irupdo zrunhuv 8 dqg wkh dprxqw ri irupdo odqg
u kdyh ehhq ghflghg1 Vlqfh irupdo zrunhuv fdq pryh iuhho| dfurvv uhjlrqv dqg
wkh whfkqrorj| glvsod|v frqvwdqw uhwxuqv wr vfdoh lq odqg dqg oderu/ wkh zdjh lv
ghwhuplqhg e| wkh djjuhjdwh yduldeohv
￿E8cuc)E8cu￿ ￿’E ￿￿ ￿￿)E8cu￿
43￿ E￿u




Iru dq| jlyhq qxpehu ri irupdo zrunhuv/ 8/ dqg irupdo odqg/ u/ )E8cu￿ ghqrwhv
wkh qxpehu ri irupdo zrunhuv wkdw vwd| lq wkh irupdo vhfwru149 Hdfk dulvwrfudw
uhfhlyhv d iudfwlrq ￿*￿ ri wkh dprxqw ri irupdo odqg dqg/ khqfh/ wkh vdph iudfwlrq










Reylrxvo|/ )E8cu￿ ￿ 8/ vlqfh wkh dulvwrfudwv kdyh frpplwwhg wr kluh rqo| wkrvh
irupdo zrunhuv zkr zdqw wr zrun iru wkhp1 Wkhuhiruh/ lq htxloleulxp/ wkh zdjh
lv dozd|v juhdwhu wkdq ru htxdo wr wkh lqirupdo zrunhu*v lqfrph/ zklfk lv
￿U E8cuc)E8cu￿￿ ’ w
#
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Iru dq| jlyhq dprxqw ri irupdo odqg u/ ohw xv gh￿qh #Eu￿ dv wkh qxpehu ri irupdo
zrunhuv zkr zrxog zrun iru wkh dulvwrfudwv li doo shdvdqwv frxog vhoo wkhlu oderu
vhuylfhv iuhho|1 Wkxv/ li #Eu￿ vdwlv￿hv f ￿# Eu￿ ￿￿￿￿/ wkh zdjh dqg wkh lqirupdo
lqfrph vdwlvi|4:
￿E￿ ￿ ￿cuc#Eu￿￿ ’ ￿U E￿ ￿ ￿cuc#Eu￿￿￿ +617,
Rwkhuzlvh/ doo wkh shdvdqwv zrxog vwd| lq rqh vhfwru1 Wkh ixqfwlrq ) vdwlv￿hv
)E8cu￿ ’ 4￿?i8c#Eu￿j￿ +618,
yrwh rq wkh dprxqw ri irupdo odqg lq wkh uhjlrq1 Wklv prgho dovr qhhgv ri wkh djuhhphqw dprqj
dulvwrfudwv wr qrw kluh irupdo zrunhuv iurp rwkhu uhjlrqv1 Wkxv/ lq wklv fdvh/ pljudwlrq lv pruh
uhvwulfwhg1 Qhyhuwkhohvv/ wkh v|pphwu| ri wkh prgho lpsolhv wkdw qr rqh pljudwhv lq htxloleulxp1
Wkh htxloleulxp iru wklv hfrqrp| lv lghqwlfdo wr wkdw ri wkh hfrqrp| L ghvfuleh1
49L dvvxph wkdw wkh zdjh wkh irupdo zrunhuv uhfhlyh lv wkhlu pdujlqdo surgxfwlylw|1 Zh frxog
wklqn wkh| uhfhlyh wkh pdujlqdo surgxfwlylw| plqxv d ￿{hg dprxqw1 Zkdw lv hvvhqwldo wr wklv
dujxphqw lv wkdw wkhlu zdjh lv dq lqfuhdvlqj ixqfwlrq ri wkh dprxqw ri irupdo odqg1 Vdgrxohw
+4<<5, vkrzv wkdw lq prgho hfrqrplhv wkdw vkduh wkh pdlq fkdudfwhulvwlfv ri wkh Odwlq Dphulfdq
frxqwulhv phqwlrqhg/ dq h!flhqw frqwudfw zrxog ihdwxuh d zdjh lqfuhdvlqj zlwk wkh dprxqw ri
odqg1
4:Gh￿qhg lq Ohppd 414 lq wkh Dsshqgl{1
45Wkh zdjh dqg wkh lqirupdo lqfrph vdwlvi|
￿E8cuc)E8cu￿￿ ￿ ￿U E8cuc)E8cu￿￿￿ +619,
Iljxuhv 4/ 5/ dqg 6 vkrz wkh vkdsh ri # dqg ) dv ixqfwlrqv ri wkh dprxqw ri
irupdo odqg/ jlyhq d qxpehu ri irupdo zrunhuv 81 Wkh| vkrz wkh vkdsh ri wkh
ixqfwlrqv # dqg ) iru gl￿huhqw srsxodwlrq vl}hv1 Lq hdfk fdvh/ wkhuh h{lvwv dq
dprxqw ri irupdo odqg/ bE8￿/ iru zklfk wkh zdjh lv htxdo wr wkh lqirupdo lqfrph
dqg qr irupdo zrunhu mrlqv wkh lqirupdo vhfwru1 Lw vdwlv￿hv 8 ’ #EbE8￿￿1I r u
dq| dprxqw ri irupdo odqg ohvv wkdq bE8￿/ vrph irupdo zrunhuv ohdyh wkh irupdo
vhfwru1 Wkh pdlq gl￿huhqfh ehwzhhq wkh wkuhh fdvhv lv wkh vkdsh ri wkh ixqfwlrq
#1 Li wkh srsxodwlrq vl}h lv vpdoo/ ￿￿[n￿/ wkh odqg0oderu udwlr lq erwk vhfwruv/
u*#Eu￿/ dqg E7 u￿u￿*E￿ ￿￿￿#Eu￿￿/ uhvshfwlyho|/ duh lqfuhdvlqj zlwk wkh dprxqw
ri irupdo odqg14; Wklv lpsolhv wkdw wkh zdjh dqg wkh lqirupdo lqfrph zrxog eh
lqfuhdvlqj ixqfwlrqv ri wkh dprxqw ri irupdo odqg li wkh qxpehu ri irupdo zrunhuv
zhuh #Eu￿ ￿li wkh shdvdqwv frxog pryh iuhho| dfurvv vhfwruv1 Li ￿ ’[n￿/ erwk
udwlrv duh frqvwdqw dqg htxdo wr wkh hfrqrp|0zlgh udwlr 7 u*E￿￿￿￿1 Li srsxodwlrq
vl}h lv odujh/ wkh udwlrv dqg/ khqfh/ wkh zdjh dqg wkh lqirupdo lqfrph zrxog eh
ghfuhdvlqj zlwk wkh dprxqw ri irupdo odqg1 Wklv gl￿huhqw ehkdylru zloo ghwhuplqh
wkh shdvdqwv* suhihuhqfhv rq wkh dprxqw ri irupdo odqg14<
6151 Wkh Lqglylgxdov* Suhihuhqfhv rq Irupdo Odqg dqg wkh Gl￿huhqwld0
wlrq Vwdjh
Wkh dprxqw ri irupdo odqg lv ghflghg dw wkh yrwlqj vwdjh1 Wkh dprxqw ri irupdo
odqg fkrvhq lv wkh rqh wkdw ghihdwv doo rwkhuv lq sdlu zlvh frpsdulvrqv1 Lq dq|
frpsdulvrq/ hdfk lqglylgxdo udqnv erwk dprxqwv dqg yrwhv iru wkh dprxqw wkdw
kh ru vkh suhihuv wkh prvw1 Wkh lqglylgxdov* suhihuhqfhv rq wkh dprxqw ri irupdo
odqg duh jlyhq e| wkhlu ohyho ri frqvxpswlrq ￿￿E8c,c)E8c,￿￿/ zkhuh ￿ ghqrwhv
wkh w|sh ri wkh lqglylgxdo/ ￿ 5 i￿c8cUj1 ￿8E8c,c)E8c,￿￿ ghqrwhv wkh ohyho ri
frqvxpswlrq ri d irupdo zrunhu/ zklfk lv hlwkhu wkh zdjh ru wkh dyhudjh |lhog
lq wkh lqirupdo vhfwru1 Ohw u￿E8￿ eh wkh pd{lpxp dprxqw ri irupdo odqg wkdw
pd{lpl}hv ￿￿E8c,c)E8c,￿￿/ iru hdfk ￿ 5 i￿c8cUj1Z hzloo vkrz lq wkh iroorzlqj
vhfwlrqv wkdw wkh yrwlqj rxwfrph uE8￿ vdwlv￿hv
uE8￿’u6E8￿c +61:,









4<Wkh surriv ri wkhvh uhvxowv duh irxqg lq Ohppd 415/ Ohppd 416 dqg Sursrvlwlrq 417 lq wkh
Dsshqgl{1
46zkhuh 6 ghqrwhv wkh w|sh ri wkh phgldq yrwhu1 Dw wkh gl￿huhqwldwlrq vwdjh/ wkh




s 5 dfc￿￿ ￿o
￿ +61;,
Gh￿qlwlrq 6141 Dq htxloleulxp iru wklv hfrqrp| lv d yrwlqj rxwfrph ixqfwlrq
u Gd f c￿￿ ￿o $ dfc 7 uo dqg d qxpehu ri irupdo zrunhuv 8 wkdw vdwlvi|
41 uE8￿ ’ @h} 4@ 
,Mdfc7 uo
￿6E8c,c)E8c,￿￿ zkhuh 6 5 i￿c8cUj ghqrwhv wkh phgldq
yrwhu w|sh dqg ￿￿/ ￿8/ ￿U vdwlvi| +614,￿+619,1
51 8 ’ @h} 4@ 
sMdfc￿3￿o
￿￿EscuEs￿c)EscuEs￿￿￿
71 D Odwlq Dphulfdq Odqg Uhirup
Wklv Vhfwlrq irfxvhv rq wkh frq lfwv ri lqwhuhvwv wkdw ghwhuplqh wkh dprxqw ri
sulydwho| rzqhg odqg/ zklfk L kdyh fdoohg irupdo odqg1 Lq wkh iroorzlqj Vhfwlrq
zh zloo vwxg| wkh olqn ehwzhhq srsxodwlrq vl}h dqg wkh frq lfwlqj lqwhuhvwv wkdw
dulvh zlwklq d vrflhw|1 Wkh dqdo|vlv lq wklv Vhfwlrq lv uhvwulfwhg wr wkh uhjlrq ri
wkh sdudphwhuv vsdfh ghwhuplqhg e| wkh iroorzlqj dvvxpswlrqv=
DVVXPSWLRQV=
D41 ￿ ￿￿ * 2￿
D51 7 4 ￿ 4￿fc 7 4￿￿￿￿




Dvvxpswlrq 4 uxohv rxw wkh htxloleulxp lq zklfk wkh dulvwrfudwv duh wkh pdmru0
lw| ri wkh srsxodwlrq153 Dvvxpswlrq 5 lpsrvhv d orzhu erxqg wr wkh hodvwlflw| ri
vxevwlwxwlrq ehwzhhq odqg dqg oderu/ wklv erxqg ehlqj ohvv wkdq 04154 Dvvxpswlrq
6 lpsolhv wkdw fxowlydwlqj odqg frppxqdoo| lv yhu| lqh!flhqw1 Wklv dvvxpswlrq lv
pdgh wr vlpsoli| wkh dqdo|vlv/ dqg lw lv uhod{hg lq Vhfwlrq 91 Dvvxpswlrq 6 whoov
xv wkdw odqg lv wkh uhodwlyho| dexqgdqw idfwru/ dv lq wkh Odwlq Dphulfdq frxqwulhv
zh duh irfxvlqj rq1 Wklv dvvxpswlrq dovr lpsolhv wkdw xqghu dq roljdufklf uhjlph
53L gr qrw glvfxvv wklv fdvh ehfdxvh wkh dulvwrfudwv duh wr uhvhpeoh wkh odqghg holwh lq d
w|slfdo Odwlq Dphulfdq frxqwu|/ zkr rzqhg prvw ri wkh idupodqg dqg xvxdoo| frpsulvhg d yhu|
vpdoo iudfwlrq ri wkh srsxodwlrq1 Lq wkh frxqwulhv phqwlrqhg lq wkh Lqwurgxflrq wkh odqghg holwh
frpsulvhg derxw 8 shufhqw ri wkh srsxodwlrq1
54Wkh orzhu erxqg ￿ ￿ lv vhw vr 5￿ O@￿ ￿ ￿ iru doo ￿ ￿ +4 ￿￿,
4￿￿









Wklv dvvxpswlrq lpsolhv wkdw dq| srsxodwlrq vl}h wkdw vdwlv￿hv Q ￿ 5￿ O@￿ dovr vdwlv￿hv Q ￿
￿. D/ zklfk lv vx!flhqw wr jxdudqwhh wkdw irupdo zrunhu*v suhihuhqfhv duh vlqjoh shdnhg1
47rqo| KE￿ ￿ ￿￿ xqlwv ri odqg zrxog eh fxowlydwhg1 Dvvxpswlrq 4 dqg Dvvxps0
wlrq 6 lpso| wkdw wkh srsxodwlrq vl}h vdwlv￿hv ￿￿27 u*K1 Wklv lqhtxdolw| dqg
Dvvxpswlrq 5 hqvxuh wkdw wkh srsxodwlrq vl}h vdwlv￿hv ￿￿[n￿/ zkhuh [ lv d
frpelqdwlrq ri sdudphwhuv gh￿qhg lq Ohppd 415 lq wkh Dsshqgl{1 Wkxv/ zh duh
lq wkh fdvh lq zklfk iru dq| dprxqw ri irupdo odqg wkdw vdwlv￿hv ,￿b E8￿ wkh
odqg0oderu udwlrv lq erwk vhfwruv duh lqfuhdvlqj ixqfwlrqv ri wkh dprxqw ri irupdo
odqg ￿zklfk lv vx!flhqw wr jxdudqwhh wkdw irupdo zrunhuv* suhihuhqfhv duh vlqjoh
shdnhg1
7141 Wkh Lqglylgxdov* Suhihuhqfhv rq Irupdo Odqg dqg wkh Yrwlqj Rxw0
frph
Iljxuh 7 vkrzv wkh lqglylgxdo suhihuhqfhv rq irupdo odqg iru d jlyhq qxpehu ri
irupdo zrunhuv wkdw vdwlv￿hv f ￿8￿￿￿￿1 Wkh surriv ri wkh vlqjoh0shdnhgqhvv
ri wkh suhihuhqfhv duh vkrzq lq Sursrvlwlrqv 514/ 515/ dqg 516 lq wkh Dsshqgl{1
Iljxuh 7 vkrzv wkdw wkh dulvwrfudwv* frqvxpswlrq lv pd{lpl}hg iru dq dprxqw
ri irupdo odqg K8/ zklfk/ jlyhq Dvvxpswlrq 7/ lv ohvv wkdq wkh wrwdo dprxqw ri
odqg1 Wkh lqirupdo zrunhuv* suhihuhqfhv kdyh d pd{lpxp dw , ’ bE8￿/ zklfk lv
wkh dprxqw iru zklfk wkh zdjh htxdov wkh lqirupdo lqfrph dqg qr irupdo zrunhu
mrlqv wkh lqirupdo vhfwru1 Lqirupdo zrunhuv gr qrw zdqw wkh dulvwrfudwv wr nhhs
pruh wkdq bE8￿ xqlwv ri odqg vlqfh wkh dprxqw ri odqg shu lqirupdo zrunhu dqg/
khqfh/ wkh dyhudjh |lhog zrxog ghfuhdvh1 Wkh| gr qrw zdqw wkh dulvwrfudwv wr
nhhs ohvv wkdq bE8￿ xqlwv ehfdxvh/ rwkhuzlvh/ vrph irupdo zrunhuv zrxog mrlq wkh
lqirupdo vhfwru1 Vlqfh wkh srsxodwlrq vl}h vdwlv￿hv ￿￿[n￿/ wkh odqg0oderu
udwlr dqg/ wkxv/ wkh frqvxpswlrq lq wkh lqirupdo vhfwru zrxog eh orzhu wkdq wkrvh
rewdlqhg li u ’ bE8￿1 Irupdo zrunhuv suhihu doo wkh odqg wr eh irupdo wr lqfuhdvh
wkhlu zdjh1 Dvvxpswlrq 6/ zklfk lpsrvhv dq xsshu erxqg rq wkh sdudphwhu wc
lpsolhv wkdw zkhqhyhu wkh odqg0oderu udwlr lq wkh irupdo vhfwru lv K/ wkh zdjh lv
juhdwhu wkdq wkh lqirupdo lqfrph> wkxv bE8￿ ￿ K8/ iru dq| 8155 Wkh suhihuhqfhv
ri wkh wkuhh w|shv ri djhqwv duh vlqjoh shdnhg> wkxv/ zh fdq dsso| wkh phgldq
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Wkh wkuhh fdqglgdwhv wr eh wkh yrwlqj rxwfrph vdwlvi| bE8￿ ￿ K8 ￿ 7 u1 Vlqfh
suhihuhqfhv duh vlqjoh shdnhg/ lw iroorzv wkdw lqirupdo zrunhuv suhihu K8 wr 7 u/
dqg irupdo zrunhuv suhihu K8 wr bE8￿￿ Li lqirupdo zrunhuv duh wkh pdmrulw| ri
55Li ￿ ￿ +4￿￿,
4￿￿
￿ / iru dq| jlyhq I wkdw vdwlv￿hv 3 ?I?Q￿D lw iroorzv wkdw z+I>￿I>I,
AF L+I>￿I>I,1
48wkh srsxodwlrq ￿8 n ￿￿￿ * 2￿ bE8￿ xqlwv ri odqg duh irupdo1 Wkh uhvw lv
h{sursuldwhg1 Li irupdo zrunhuv duh wkh pdmrulw| ri wkh srsxodwlrq/ wkh dulvwrfudwv
nhhs doo wkh odqg/ exw wkh| kdyh wr fxowlydwh lw/ dv lw zdv lpsrvhg lq wkh odqg uhirup
odzv lq Erolyld/ P￿{lfr/ dqg Shu￿1 Li qhlwkhu jurxs lv wkh pdmrulw|/ wkh dulvwrfudwv
nhhs K8 xqlwv ri odqg/ dqg wkh uhvw lv h{sursuldwhg dqg jlyhq dv lqirupdo odqg wr
wkrvh shdvdqwv zkr zdqw wr idup lw1 Qrwlfh wkdw K8 fdq eh wkh yrwlqj rxwfrph
rqo| li bE8￿ ￿ K8/ zklfk lv wkh fdvh khuh/ exw zh zloo vhh rwkhu vfhqdulrv zkhuh
wkh uhyhuvh lv wuxh dqg/ khqfh/ wkh dulvwrfudwv fdqqrw eh wkh phgldq yrwhu1
7151 Wkh Qxpehu ri Irupdo Zrunhuv
Wr ghwhuplqh wkh qxpehu ri irupdo zrunhuv/ wkh dulvwrfudwv vroyh wkh sureohp
vkrzq lq wkh h{suhvvlrq +61;, dw wkh gl￿huhqwldwlrq vwdjh1 Iru dq| qxpehu ri
irupdo zrunhuv wkdw vdwlv￿hv 8 ￿￿ * 2 ￿ ￿/ wkh dprxqw ri irupdo odqg lv bE8￿/
iru zklfk wkh zdjh lv htxdo wr wkh lqirupdo lqfrph dqg qr irupdo zrunhu mrlqv
wkh lqirupdo vhfwru1 Wkh dvvxpswlrq rq wkh sdudphwhu w lpsolhv wkdw bE8￿ ￿
K8/ iru dq| 8 wkdw vdwlv￿hv f ￿8￿￿￿ ￿1 Wklv lpsolhv wkdw wkh dulvwrfudwv*
frqvxpswlrq lv dq lqfuhdvlqj ixqfwlrq ri wkh qxpehu ri irupdo zrunhuv iru dq| f
￿8￿￿ * 2 ￿￿156 Wkxv/ wkh qxpehu ri irupdo zrunhuv dozd|v vdwlv￿hv ￿*2 ￿￿
￿ 8￿￿￿ ￿￿ Iru dq| qxpehu ri irupdo zrunhuv wkdw vdwlv￿hv ￿*2 ￿ ￿ ￿ 8 ￿
￿*2/ dulvwrfudwv duh wkh phgldq yrwhu dqg wkhlu htxloleulxp frqvxpswlrq lv
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4 c +715,
zklfk lv d vwulfwo| lqfuhdvlqj ixqfwlrq ri wkh qxpehu ri irupdo zrunhuv1 Li wkh|
fkrrvh d qxpehu ri zrunhuv juhdwhu wkdq kdoi ri wkh srsxodwlrq/ doo odqg ehfrphv
irupdo dqg wkhlu frqvxpswlrq lv
￿￿
￿














zklfk lv dovr vwulfwo| lqfuhdvlqj lq wkh qxpehu ri irupdo zrunhuv1 Lw iroorzv wkdw
w k hf k r l f hl vl qw k hv h wi￿*2c￿￿ ￿j1 Wkxv/ wkh dulvwrfudwv fkrrvh 8 ’ ￿*2
ru 8 ’ ￿ ￿ ￿/ ghshqglqj rq zklfk dvvrfldwhg ohyho ri frqvxpswlrq lv kljkhvw/
zklfk lq lwv wxuq ghshqgv rq wkh vl}h ri wkh srsxodwlrq dqg wkh uhodwlyh vl}h ri
wkh dulvwrfudf|1
Frpsdulqj wkh h{suhvvlrqv +715, dqg +716, lw lv hdv| wr vkrz wkdw wkhuh h{lvwv
￿:￿c vxfk wkdw iru dq| srsxodwlrq vl}h wkdw vdwlv￿hv ￿ ￿ 7 u*EK￿￿/ uhjdugohvv
ri wkhlu jurxs vl}h/ ￿/ wkh dulvwrfudwv fkrrvh 8 ’ ￿*2￿ Lq wkdw fdvh wkh dprxqw
56Uhfdoo wkdw/ iru dq| jlyhq qxpehu ri zrunhuv I/ ￿I lv wkh dprxqw ri irupdo odqg wkdw
pd{lpl}hv wkh odqg uhqwv/ l1h1
CFD+I>￿I>I,
Co @3 1 Wkxv/ iru dq| o?￿I/
CFD+I>o>I,
Co A 31
49ri irupdo odqg lv K￿*2￿ Li ￿:7 u*EK￿￿/ wkh fkrlfh ghshqgv rq wkh vl}h ri wkh
dulvwrfudf|1 Djdlq/ iurp gluhfw frpsdulvrq ri wkh h{suhvvlrqv +715, dqg +716,/
zh rewdlq d fulwlfdo ohyho iru wkh qxpehu ri dulvwrfudwv/ k,E￿￿c zklfk lv odujhu wkh
odujhu lv ￿1L iw k hq x pehu ri dulvwrfudwv vdwlv￿hv ￿ ￿ k,E￿￿/ wkh dulvwrfudwv fkrrvh
8 ’ ￿*21 Rwkhuzlvh/ wkh| fkrrvh 8 ’ ￿ ￿ ￿/ fdvh lq zklfk wkh| nhhs doo wkh
odqg dqg fxowlydwh lw1 Wkh surri ri wklv uhvxow lv irxqg lq Sursrvlwlrq 517 lq wkh
Dsshqgl{1 Wkxv/ wkh h{sursuldwlrq ri odqgv wdnhv sodfh li wkh srsxodwlrq vl}h lv
vx!flhqwo| vpdoo/ ￿ ￿ 7 u*EK￿￿/ ru li wkh vl}h ri wkh shdvdqwu| lv vpdoo uhodwlyh wr
wkh dprxqw ri odqg= ￿ ￿ k,E￿￿ dqg 7 u*EK￿￿ ￿￿￿7 u*Kn￿1 Lq wkrvh fdvhv wkh
dulvwrfudwv duh ehwwhu r￿ klulqj 8 ’ ￿*2 zklfk lpsolhv dq dprxqw ri irupdo odqg
htxdo wr K￿*21
Wkh frq lfw lq wkh vrflhw| lv wkh iroorzlqj= odqg fdqqrw eh ohiw lgoh> xqxvhg
odqg lv wdnhq dzd| iurp wkh rzqhu dqg jlyhq wr vrphrqh hovh1 Wkdw lv/ dulvwrfudwv
fdq rqo| nhhs wkh odqg li wkh| fxowlydwh lw1 Li doo shdvdqwv zhuh iuhh wr vhoo wkhlu
oderu vhuylfhv dq|zkhuh ￿8 zhuh htxdo wr ￿ ￿ ￿￿ shdvdqwv zrxog qrw zdqw wr
h{sursuldwh wkh dulvwrfudwv* odqgv> wkh| zrxog irufh wkh dulvwrfudwv wr fxowlydwh wkh
odqg1 Wklv zrxog lpso| d odqg0oderu udwlr lq wkh irupdo vhfwru odujhu wkdq K/ wkh
udwlr iru zklfk wkh dulvwrfudwv* uhqwv duh pd{lpl}hg1 Wkxv/ dulvwrfudwv suhihu vrph
ri wkh odqg wr eh h{sursuldwhg> vshfl￿fdoo|/ wkh| zdqw wr nhhs K8 xqlwv ri odqg1
Wkh dprxqw K8 lv d yrwlqj rxwfrph rqo| li qhlwkhu irupdo zrunhuv ru lqirupdo
zrunhuv duh wkh pdmrulw| ri wkh srsxodwlrq dqg irupdo zrunhuv suhihu wklv rxwfrph
wr bE8￿c wkh rxwfrph prvw suhihuuhg e| lqirupdo zrunhuv1 Wklv lv wkh fdvh rqo| li
irupdo zrunhuv duh hqvxuhg d kljkhu zdjh zkhq wkh dprxqw ri irupdo odqg lv K8/
zklfk lv lpsolhg e| Dvvxpswlrq 61 Khqfh/ wkh fkrlfh dulvwrfudwv idfh lv wr doorz
doo shdvdqwv wr vhoo wkhlu oderu vhuylfhv lq wkh irupdo vhfwru dqg fxowlydwh doo wkh
odqg ￿pruh wkdq K xqlwv shu zrunhu￿ ru wr kdyh d odqg0oderu udwlr htxdo wr K dw
wkh sulfh ri surklelwlqj vrph shdvdqwv wr zrun lq wkh irupdo vhfwru1 Wkh fkrlfh
ghshqgv rq wkh srsxodwlrq vl}h dqg wkh uhodwlyh vl}h ri wkh shdvdqwu|1
7161 Rq wkh Qxpehu ri Odqgrzqhuv
Vr idu/ L kdyh dvvxphg wkdw rqo| dulvwrfudwv fdq rzq odqg1 L kdyh prghoohg sulydwh
rzqhuvkls dv ehlqj deoh wr kluh zrunhuv1 Ohw xv dvvxph qrz wkdw wkh shdvdqwv fdq
ehfrph odqgrzqhuv1 L dp jrlqj wr prgho lw dv li wkh dulvwrfudwv fdq ghflgh/ ehiruh
yrwlqj wdnhv sodfh/ wkh qxpehu ri shdvdqwv zkr duh jrlqj wr uhfhlyh odqg zlwk
wrwdo uljkwv1 L dp jrlqj wr fdoo wkhp vpdoo rzqhuv dqg wkhlu qxpehu lv ghqrwhg
dv 71 Doo lqglylgxdov yrwh rq wkh dprxqw ri odqg wr eh sulydwho| rzqhg/ u1 Rqfh
lw kdv ehhq yrwhg/ hdfk dulvwrfudw lv h{sursuldwhg 7 u*￿ ￿ u*E￿n7￿ xqlwv ri odqg1
Wkxv/ dq dulvwrfudw nhhsv u*E￿n7￿ xqlwv dqg hdfk vpdoo rzqhu lv jlyhq u*E￿n7￿
xqlwv1 Dv wkh dulvwrfudwv/ wkh jurxs ri vpdoo rzqhuv frpplw/ dw wkh surgxfwlrq
4:vwdjh/ wr kluh rqo| irupdo zrunhuv1
Wkh wlplqj lv dv iroorzv= dw wkh gl￿huhqwldwlrq vwdjh/ wkh dulvwrfudwv fkrrvh
zklfk zrunhuv duh wr eh irupdo dqg zklfk shdvdqwv duh wr eh vpdoo rzqhuv1 Wkh
rwkhu wzr vwdjhv duh lghqwlfdo wr wkrvh ri wkh suhylrxv yhuvlrq ri wkh prgho1 Dw
wkh yrwlqj vwdjh dqg wkh surgxfwlrq vwdjh/ vpdoo rzqhuv dqg dulvwrfudwv ehkdyh
lghqwlfdoo| lq hyhu| uhvshfw1 Dv rssrvhg wr irupdo zrunhuv/ mxvw iru vlpsolflw|/
vpdoo rzqhuv fdqqrw mrlq wkh lqirupdo vhfwru1
Iru dq| jlyhq qxpehu ri vpdoo rzqhuv/ 7/ irupdo zrunhuv/ 8/ dqg irupdo odqg/
u/ wkh frqvxpswlrq ri irupdo zrunhuv/ dulvwrfudwv/ vpdoo rzqhuv dqg lqirupdo
zrunhuv lv vkrzq lq wkh h{suhvvlrqv +614,/ +615,/ dqg +616,1 L dp jrlqj wr dqdo|}h
krz wkh dulvwrfudwv* frqvxpswlrq fkdqjhv dv d ixqfwlrq ri 71 Vlqfh dulvwrfudwv
dqg vpdoo rzqhuv ehkdyh lghqwlfdoo|/ wkh qxpehu ri irupdo zrunhuv dqg dprxqw
ri irupdo odqg fkrvhq lq d hfrqrp| lq zklfk wkhuh duh ￿ dulvwrfudwv dqg 7 vpdoo
rzqhuv duh htxdo wr wkrvh fkrvhq lq dq hfrqrp| lq zklfk wkh qxpehu ri dulvwrfudwv
lv ￿n7 dqg wkh shdvdqwv fdqqrw rzq odqg1 Wkh lqglylgxdov* suhihuhqfhv rq odqg
duh lghqwlfdo wr wkrvh vkrzq lq Iljxuh 71
Wkh dulvwrfudwv dozd|v fkrrvh 7 vxfk wkdw wkh qxpehu ri odqgrzqhuv lv ohvv
wkdq ru htxdo wr ￿*2/ vlqfh iru 7 ￿ ￿*2￿￿ wkh odqgrzqhuv duh dozd|v wkh phgldq
yrwhu1 Wr dqdo|}h wkh htxloleulxp rxwfrph lq wklv prgho hfrqrp|/ L dp jrlqj wr
dvvxph/ ￿uvw/ wkdw wkh qxpehu ri vpdoo rzqhuv lv ￿{hg/ dqg L zloo vkrz wkdw wkh
dulvwrfudwv* uhqw lv d ghfuhdvlqj ixqfwlrq ri wkh qxpehu ri vpdoo rzqhuv1
Iru dq| srsxodwlrq vl}h wkdw vdwlv￿hv hlwkhu ￿ ￿ 7 u*EK￿￿/ ru 7 u*EK￿￿ ￿￿￿
27 u*K dqg ￿ n 7 ￿ k,E￿￿/ wkh qxpehu ri irupdo zrunhuv lv ￿*2 dqg wkh dprxqw









zklfk lv ghfuhdvlqj lq wkh qxpehu ri vpdoo rzqhuv1 Li 7 u*EK￿￿ ￿￿￿27 u*K dqg











zklfk lv dovr ghfuhdvlqj lq wkh qxpehu ri vpdoo rzqhuv1 Wkxv/ wkh qxpehu ri
vpdoo rzqhuv lv }hur1 Wkxv/ li wkh kdfhqgdgrv kdyh wkh srzhu wr ghflgh wkh qdwxuh
ri wkh odqg uhirup/ wkh| qhyhu doorz wkh shdvdqwv wr rzq odqg1 Wkh kdfhqgdgrv
zrxog doorz wkh shdvdqwv wr ehfrph rzqhuv li wkh| qhhghg hqrxjk frqvwlwxhqf|
wr eh wkh phgldq yrwhu1 Ehlqj odqg dexqgdqw dqg surgxfwlylw| lq wkh lqirupdo
vhfwru yhu| orz/ wkh dulvwrfudwv rewdlq hqrxjk vxssruw iurp irupdo zrunhuv/ zkr
suhihu K8 wr wkh rxwfrph prvw suhihuuhg e| wkh lqirupdo zrunhuv/ bE8￿￿ Wkxv/
4;wkh kdfhqgdgrv gr qrw qhhg wkh vpdoo rzqhuv dqg wkh| duh ehwwhu r￿ zkhqhyhu
wkh jurxs ri odqgrzqhuv lv d yhu| vpdoo iudfwlrq ri wkh srsxodwlrq1
Zh fdq xvh wklv prgho wr xqghuvwdqg wkh Ph{lfdq uhirup vwduwhg lq 4<4:1
Wkhq/ d plqrulw| ri wkh srsxodwlrq/ vpdoohu wkdq k,E￿￿/ frqwuroohg sudfwlfdoo|
doo wkh idupodqg1 Wkh uhyroxwlrq irufhg d fkdqjh ri wkh lqvwlwxwlrqv dqg wkh
srolwlfdo v|vwhp1 D odqg uhirup zdv hqdfwhg1 Dffruglqj wr wkh hylghqfh vkrzq
lq wkh Lqwurgxfwlrq/ shdvdqwv zrxog kdyh ehhq ehwwhu r￿ li wkh| kdg uhfhlyhg wkh
rzqhuvkls uljkw wr wkh odqg judqwhg1 Dfwxdoo|/ wrwdo surgxfw zrxog kdyh ehhq
kljkhu li doo wkh odqg zhuh fxowlydwhg xqghu d sulydwh surshuw| uhjlph1 Zk| zrxog
d vrflhw| fkrrvh dq lqh!flhqw rxwfrphB Wkh uhdvrq pxvw eh wkdw vrph jurxs
pljkw ehqh￿w iurp lw157
81 Srsxodwlrq Vl}h dqg wkh Rzqhuvkls Uhjlph
Lq wkh suhylrxv Vhfwlrq zh kdyh vhhq wkdw wkh dulvwrfudwv/ e| phdqv ri glylglqj wkh
shdvdqwv lq irupdo dqg lqirupdo zrunhuv/ vsolw wkhp lq wzr jurxsv zlwk rssrvlwh
suhihuhqfhv rq irupdo odqg1 Jlyhq wklv rssrvlwlrq/ wkh odqgrzqhuv dulvh dv wkh
phgldq yrwhu1 Wklv ￿glylgh dqg frqtxhu￿ srolf| lw lv qrw dozd|v srvvleoh1 Li wkh
vl}h ri wkh srsxodwlrq lv vx!flhqwo| odujh/ irupdo dqg lqirupdo zrunhuv* suhihuhqfhv
duh pd{lpl}hg zkhq doo odqg lv lqirupdo1 Wkxv/ lq wklv vhfwlrq L dp jrlqj wr
h{soruh wkh htxloleulxp iru hfrqrplhv wkdw vdwlvi| ￿ ￿ 7 u*Kn￿ dqg wkh iroorzlqj
dvvxpswlrqv=
DVVXPSWLRQV=
D41 ￿￿￿ * 2￿
D51 f ￿w￿ E￿ ￿ 4￿
￿34
4 ￿
D61 7 4 ￿ 4 ￿ ￿￿c 7 4￿￿￿￿
Lq wkh suhylrxv Vhfwlrq L dvvxphg wkh sdudphwhu 4 wr vdwlvi| 7 4 ￿ 4 ￿ f>k h u hL
uhvwulfw wkh vhw lq zklfk lw fdq wdnh ydoxhv wr d7 4c￿￿￿ wr vlpsoli| wkh dqdo|vlv1 L dp
jrlqj wr dvvxph/ dv lq wkh edvlf prgho/ wkdw qr shdvdqw fdq ehfrph d odqgrzqhu1
57Wkhuh lv qr irupdo hylghqfh rq wklv k|srwkhvlv iru wkh Ph{lfdq fdvh/ exw wkhuh duh vrph
dqhfgrwlf hslvrghv ri wkh ehjlqqlqj ri wkh djuduldq uhirup lq Shu￿ lq wkh hduo| 43:3v qduudwhg
e| Gh Vrwr +4<;<,1 Uljwk ehiruh wkh uhirup zdv hqdfwhg/ rzqhuv ri odqg lq wkh rxwvnluwv ri
Olpd hqjdjhg zlwk vhwwohuv lq rujdql}lqj ￿fwlwlrxv lqydvlrqv ri wkh odqg uhfhlylqj/ lq h{fkdqjh/
￿pruh prqh| wkdq h{sursuldwlrq zrxog kdyh eurxjkw exw ohvv wkdq wkh qrupdo sulfh￿ +sj1 63,1
Li wkh rzqhuv zhuh ehwwhu r￿ kdylqj wkh odqg lqydghg lqvwhdg ri vhoolqj lw/ lw pxvw eh ehfdxvh
diwhu wkh vdoh wkh odqg uhpdlqv d frpprglw|/ d wudqvihudeoh jrrg/ zkhuhdv wkh lqydghg odqg
grhv qrw1 Wkxv/ jlyhq wkdw wkh| zhuh jrlqj wr kdyh wkhlu odqg h{sursuldwhg/ wkh Shuryldqv
odqgrzqhuv suhihuuhg wkh shdvdqwv ￿li zh wklqn ri wkh lqydvlrq dv d gh idfwr h{sursuldwlrq￿
qrw wr uhfhlyh wkh rzqhuvkls wr wkh odqg wudqvihuuhg> rwkhuzlvh/ wkh| zrxog kdyh vrog lw ru ohw lw
wr eh h{sursuldwhg1
4<Lq hfrqrplhv lq zklfk wkh vl}h ri wkh srsxodwlrq vdwlv￿hv 7 u*Kn￿ ￿ ￿ ￿ 27 u*K/
wkh htxloleulxp rxwfrph lv lghqwlfdo wr wkh rqh glvfxvvhg lq wkh suhylrxv vhfwlrq1
Wkh dprxqw ri irupdo odqg lv ohvv wkdq wkh wrwdo dprxqw ri odqg zkhqhyhu wkh
vl}h ri wkh dulvwrfudf| lv vx!flhqwo| vpdoo/ wkdw lv/ li ￿ ￿ k,E￿￿￿
Li wkh srsxodwlrq vl}h vdwlv￿hv 27 u*K ￿ ￿￿[n￿/ wkh irupdo dqg lqirupdo
zrunhuv* suhihuhqfhv rq irupdo odqg duh lghqwlfdo wr wkrvh lq wkh fdvhv zkhuh wkh
srsxodwlrq vl}h lv vpdoohu wkdq 27 u*K￿ Wkh dprxqw ri irupdo odqg wkdw pd{lpl}hv
wkh dulvwrfudwv frqvxpswlrq lv/ dv vkrzq lq Surs 516 lq wkh Dsshqgl{/ hlwkhu 7 u
ru K8/ ghshqglqj rq zklfk dprxqw lv wkh orzhvw￿ Iljxuh 8 vkrzv wkh lqglylgxdo
suhihuhqfhv iru dq| jlyhq qxpehu ri irupdo zrunhuv wkdw vdwlvi| 8 ￿ ￿*2￿ Lq wklv
fdvh/ irupdo zrunhuv* dqg dulvwrfudwv* suhihuhqfhv duh pd{lpl}hg iru u ’ 7 u￿ Wkxv/
jlyhq wkdw wkh yrwlqj rxwfrph lv dozd|v u ’ 7 u/ wkh dulvwrfudwv fkrrvh doo shdvdqwv
wr eh irupdo zrunhuv1 Wkxv/ li wkh srsxodwlrq vl}h vdwlv￿hv 27 u*K ￿ ￿ ￿ [n￿/
wkh dulvwrfudwv pd{lpl}h wkhlu uhqwv fxowlydwlqj doo wkh odqg1 Wkh surri ri wklv
uhvxow lv irxqg lq Sursrvlwlrq 614 lq wkh Dsshqgl{1
Wkh vfhqdulr lv yhu| gl￿huhqw iru dq| hfrqrp| lq zklfk ￿ : [n￿1 Iljxuh 9
vkrzv wkh lqglylgxdov* suhihuhqfhv rq irupdo odqg iru d qxpehu ri irupdo zrunhuv
wkdw vdwlv￿hv f ￿8￿￿￿￿1 Wkh zdjh dqg wkh lqirupdo lqfrph duh ghfuhdvlqj
ixqfwlrqv ri wkh dprxqw ri irupdo odqg/ iru dq| dprxqw ohvv wkdq bE8￿c zkhuhdv
wkh| zhuh lqfuhdvlqj lq wkh fdvh lq zklfk ￿￿[n￿￿ Wkh irupdo zrunhuv suhi0
huhqfhv* rq odqg duh qrw vlqjoh0shdnhg lq wklv fdvh1 Wkh| suhihu doo wkh odqg wr eh
irupdo ru lqirupdo/ ghshqglqj rq wkh vl}h ri wkhlu jurxs uhodwlyh wr wkh vl}h ri wkh
srsxodwlrq1 Wkh lqirupdo zrunhuv suhihu wr kdyh doo wkh odqg lqirupdo1 Wkxv/ d
yrwlqj rxwfrph grhv qrw h{lvwv xqohvv wkh dulvwrfudwv* prvw suhihuuhg rxwfrph lv 7 u1
Uhjdugohvv ri irupdo zrunhuv* suhihuhqfhv/ li wkh dulvwrfudwv fkrrvh 8￿￿ * 2￿￿/
doo wkh odqg ehfrphv lqirupdo> wkxv/ wkh dulvwrfudwv dozd|v fkrrvh 8 ￿ ￿*2 ￿￿1
Iru dq| srsxodwlrq vl}h wkdw vdwlv￿hv ￿:27 u*Kn2￿ / li 8 ￿ ￿*2￿￿/ wkh dulv0
wrfudwv* uhqwv duh pd{lpl}hg iru u ’ 7 u158 Khqfh/ lq wklv fdvh/ d yrwlqj rxwfrph
lv zhoo gh￿qhg= lw lv hlwkhu 7 u ru }hur1 Lw ghshqgv rq wkh vl}h ri wkh jurxs ri irupdo












Li/ iru d jlyhq qxpehu ri irupdo zrunhuv 8/ doo odqg ehfrphv irupdo/ wkh irupdo
zrunhuv uhfhlyh
58Vlqfh ￿ ? +4 ￿ ￿,
4￿￿
￿ lw lpsolhv wkdw ￿I A￿ +I,/ iru doo I= Wkxv/ wkh dulvwrfudwv* prvw
suhihuuhg rxwfrph lv htxdo wr plq
￿￿ O>￿I
￿
= Iru dq| srsxodwlrq vl}h wkdw vdwlv￿hv Q A 5￿ O@￿.5D











7 u pd{lpl}hv wkh irupdo zrunhuv* suhihuhqfhv li ￿E8￿ ￿ ￿U1 Vlqfh ￿E8￿ lv ghfuhdv0
lqj zlwk wkh qxpehu ri irupdo zrunhuv/ lw iroorzv wkdw wkhuh h{lvwv d pd{lpxp
qxpehu ri irupdo zrunhuv/ zklfk L dp jrlqj wr fdoo lE￿c￿￿/ iru zklfk irupdo dqg
lqirupdo zrunhuv* suhihuhqfhv rq wkh dprxqw ri irupdo odqg duh rssrvhg1 Wkxv/
li wkh qxpehu ri irupdo zrunhuv lv juhdwhu wkdq lE￿c￿￿/ erwk w|shv ri shdvdqwv
suhihu doo wkh odqg wr eh lqirupdo1 Li wkh qxpehu ri irupdo zrunhuv lv ohvv wkdq
ru htxdo wr lE￿c￿￿/ wkh irupdo zrunhuv* suhihuhqfhv duh pd{lpl}hg zkhq doo wkh
odqg lv irupdo1 Wkxv/ irupdo dqg lqirupdo zrunhuv kdyh rssrvlwh suhihuhqfhv rq
wkh dprxqw ri irupdo odqg zkhqhyhu 8 ￿ lE￿c￿￿1 Wklv erxqg lqfuhdvhv zlwk wkh
vl}h ri wkh srsxodwlrq dqg wkh udwlr lE￿c￿￿*￿ ghfuhdvhv prqrwrqlfdoo|/ jlyhq wkdw
wkh sdudphwhu 4 kdv ehhq dvvxphg wr eh ohvv wkdq ￿￿1 Wkhuhiruh/ wkhuh h{lvwv d
wkuhvkrog/ C/v x f kw k d wi r ud q |￿ ￿ C lw lv vdwlv￿hg wkdw lE￿c￿￿ n￿ ￿ ￿*2> iru
dq| ￿:C/ wkh lqhtxdolw| lv uhyhuvhg1 Wkxv/ li ￿ ￿ C/ wkh qxpehu ri irupdo
zrunhuv htxdov lE￿c￿￿ dqg qr odqg lv h{sursuldwhg iurp wkh dulvwrfudwv1 Li ￿ : C/
uhjdugohvv ri wkh qxpehu ri irupdo zrunhuv/ doo odqg lv h{sursuldwhg dqg jlyhq wr
wkh shdvdqwv xqghu d frpprq surshuw| uhjlph1 Sursrvlwlrqv 615 dqg 616 vkrz wkh
irupdo dqg lqirupdo zrunhuv* suhihuhqfhv rq irupdo odqg1 Sursrvlwlrq 617 frqwdlqv
wkh surri ri wkh htxloleulxp1
Wkxv/ wkh dulvwrfudwv* delolw| wr ￿glylgh dqg frqtxhu￿ ghshqgv rq wkh srsxod0
wlrq ghqvlw|1 Li srsxodwlrq lv wrr odujh/ wkh dulvwrfudwv fdqqrw r￿hu kljk hqrxjk
zdjhv iru wkh shdvdqwv wr suhihu wkh zdjh lqvwhdg ri wkh dyhudjh |lhog lq wkh lq0
irupdo vhfwru1 Vlqfh L kdyh dvvxphg wkh vl}h ri wkh dulvwrfudf| wr eh ohvv wkdq
kdoi ri wkh srsxodwlrq/ doo odqg ehfrphv lqirupdo1 Lq wklv fdvh/ dowkrxjk lw zrxog
jr eh|rqg wkh vfrsh ri wklv sdshu/ lw zrxog ehqh￿w wkh dulvwrfudwv wr jlyh vrph
shdvdqwv wkh uljkw wr rzq odqg sulydwho| wr exlog hqrxjk frqvwlwxhqf| vr wkh|
zrxog nhhs vrph ri wkh odqg1
91 Gl￿huhqfhv rq Surgxfwlylw|
Lq wkh vfhqdulrv vwxglhg/ lq dq| hfrqrp| lq zklfk wkh dprxqw ri irupdo odqg lv ohvv
wkdq wkh wrwdo dprxqw/ wkh htxloleulxp zdjh lv vwulfwo| juhdwhu wkdq wkh lqirupdo
lqfrph1 Wklv lpsolfdwlrq pdwfkhv wkh Ph{lfdq hylghqfh rq plqlpxp zdjhv dqg
dyhudjh lqfrph lq wkh hmlgdo odqg/ dv lw zdv phqwlrqhg lq wkh Lqwurgxfwlrq/ exw
lw kdv ehhq rewdlqhg xvlqj d yhu| vwurqj dvvxpswlrq rq wkh surgxfwlylw| lq wkh
lqirupdo vhfwru/ wkdw lv/ w ￿ E￿￿4￿
￿34
4 1 Wklv dvvxpswlrq/ dowkrxjk qrw qhfhvvdu|
wr rewdlq wkh uhvxowv/ zdv xvhg wr vlpsoli| wkh dqdo|vlv1 Lq Vhfwlrq 5/ L mxvwl￿hg
54wkh dvvxpswlrq wkdw qr odqg frxog eh ohiw lgoh dvvxplqj w : E￿ ￿ 4￿
￿34
4 ￿ Wkxv/ L
dp jrlqj wr vkrz wkdw wkh uhvxow krogv iru w : E￿ ￿4￿
￿34
4 ￿ Lw lv vkrzq lq Ohppd
714 lq wkh Dsshqgl{ wkh h{lvwhqfh ri w




vxfk wkdw li w vdwlv￿hv E￿￿4￿
￿34
4 ￿w￿ w
W/ wkh htxloleulxp ihdwxuhv dq dprxqw ri
irupdo odqg ohvv wkdq wkh wrwdo dprxqw dqg wkh htxloleulxp zdjh lv vwulfwo| juhdwhu











27 u*EKE￿ n V￿￿ ￿￿￿ 7 u*EK￿￿







Iru dq| srsxodwlrq vl}h wkdw vdwlv￿hv 27 u*EKE￿ n V￿￿ ￿￿￿ 7 u*EK￿￿/ rqo| li
wkh qxpehu ri dulvwrfudwv lv vpdoo/ ￿ ￿ k￿E￿￿/ wkh zdjh lv juhdwhu wkdq ru htxdo
wr wkh lqirupdo lqfrph iru 8 ’ ￿*2 dqg u ’K ￿*21 Wklv lv wkh htxloleulxp wkdw
L wdnh wr uhvhpeoh d Odwlq Dphulfdq odqg uhirup1 Wklv uhvxow lv suryhg lq Ohppd
715 dqg Sursrvlwlrq 716 lq wkh Dsshqgl{159
Iru dq| srsxodwlrq vl}h wkdw vdwlv￿hv ￿ ￿ 27 u*EKE￿ n V￿￿/ K8 lv ohvv wkdq
bE8￿/u h jdugohvv ri wkh qxpehu ri irupdo zrunhuv1 Lw lpsolhv wkdw li wkh dprxqw ri
irupdo odqg lv K8/ wkh dyhudjh |lhog lq wkh lqirupdo vhfwru lv odujhu wkdq wkh zdjh>
wkxv/ u ’K 8 fdqqrw eh d yrwlqj rxwfrph1 Wkh yrwlqj rxwfrph lv hlwkhu bE8￿ ru
7 u/ ghshqglqj rq wkh qxpehu ri irupdo zrunhuv1 Vlqfh odqg lv yhu| dexqgdqw/ wkh
dulvwrfudwv suhihu wr kdyh h{sursuldwhg vrph ri wkhlu odqg/ lqvwhdg ri fxowlydwlqj
lw/ zklfk zrxog lpso| d pxfk odujhu odqg0oderu udwlr lq wkh irupdo vhfwru dqg/
khqfh/ d juhdwhu zdjh dqg orzhu odqg uhqwv1
Li wkh srsxodwlrq vl}h vdwlv￿hv 27 u*EKE￿ n V￿￿ ￿￿￿ 7 u*EK￿￿/ dqg wkh vl}h ri
wkh dulvwrfudf| vdwlv￿hv ￿ :k ￿E￿￿/ wkh dprxqw ri odqg K￿*2 fdqqrw eh d yrwlqj
rxwfrph/ ehfdxvh wkh dvvxpswlrq rq w lpsolhv wkdw K￿*2 ￿b E￿*2￿1I r uK8 wr
eh juhdwhu wkdq bE8￿ dqg/ khqfh/ wr eh d yrwlqj rxwfrph/ wkh qxpehu ri irupdo







55zrunhuv vkrxog eh ohvv wkdq d qxpehu ￿ 8c wkdw lv ohvv wkdq ￿*21 Wklv qxpehu
vdwlv￿hv ￿E ￿ 8cK￿ 8c ￿ 8￿’￿UE ￿ 8cK￿ 8c ￿ 8￿￿ Qhyhuwkhohvv/ wkh dulvwrfudwv suhihu wr kluh
d qxpehu ri irupdo zrunhuv wkdw vdwlv￿hv ￿ 8 ￿8￿ ￿*2￿ Li wkh| fkrvh 8 ’ ￿ 8/
wkh lqfuhdvh ri uhqwv hqfrpsdvvhg e| xvlqj d odqg0oderu udwlr htxdo wr K lv orzhu
wkdq wkh orvv rffxuuhg e| klulqj wrr ihz zrunhuv1 Wkxv/ wkh| fkrrvh d qxpehu ri
irupdo zrunhuv ￿ 8 iru zklfk K￿ 8 ￿b E ￿ 8￿1 Wkh surri ri wkhvh uhvxowv duh irxqg lq
Ohppd 717/ Sursrvlwlrq 718/ dqg Sursrvlwlrq 719 lq wkh Dsshqgl{1
Wkh prvw lqwhuhvwlqj ihdwxuh ri wklv w|sh ri htxloleulxp lv wkdw wkh dulvwrfudwv*
uhqwv duh pd{lpl}hg iru u ’ bE ￿ 8￿/ wkh lqirupdo zrunhuv* prvw suhihuuhg rxwfrph1
Li bE ￿ 8￿ zhuh qrw wkh pd{lpl}hu/ lw zrxog lpso| wkdw ￿ 8 grhv qrw pd{lpl}h wkh
dulvwrfudwv* uhqwv dw wkh gl￿huhqwldwlrq vwdjh1
Iru dq| srsxodwlrq vl}h dqg qxpehu ri dulvwrfudwv wkdw vdwlvi| 7 u*EK￿￿ ￿￿￿
[n￿ dqg ￿￿k ,E￿￿ wkh htxloleulxp frlqflghv zlwk wkh rqh rewdlqhg hduolhu lq
wkh fdvh lq zklfk w ￿ E￿ ￿ 4￿
￿34
4 G doo wkh odqg ehfrphv irupdo1
Wkh uhvxow srlqwv rxw wkdw odqgrzqhuvkls frqfhqwudwlrq ￿phdvxuhg dv wkh
qxpehu ri dulvwrfudwv￿ lv uhohydqw wr ghwhuplqh wkh w|sh ri odqg uhirup fkrvhq1
Qjx|hq dqg Pduwlqh} Vdog￿ydu +4<:<, hvwlpdwhg wkh vkduhv ri wkh hmlgdo idupv lq
wkh wrwdo fxowlydwhg Ph{lfdq duhd1 Lq 4<8</ wkhvh vkduhv rvfloodwh iurp 44 shufhqw
lq Edmd Fdoliruqld Vxu wr ;; shufhqw lq wkh vwdwh ri Pruhorv1 Wkxv/ dowkrxjk lw
lv rxw ri wkh vfrsh ri wklv sdshu/ lw lv srvvleoh wr vwxg| wkh lqwhudfwlrq ehwzhhq
wkh sdudphwhu wkdw phdvxuhv wkh gl￿huhqfhv lq surgxfwlylw|/ w/ dqg odqgrzqhuvkls
frqfhqwudwlrq/ phdvxuhg dv ￿/ wr xqghuvwdqg wkh zlgh gl￿huhqfhv lq odqg uhirup
dfurvv uhjlrqv zlwklq d vdph frxqwu|1
:1 Frqfoxvlrqv
Wklv sdshu jlyhv d udwlrqdo wr wkh odqg uhirup surfhvvhv wkdw pdq| Odwlq Dphulfdq
frxqwulhv kdyh h{shulhqfhg gxulqj wklv fhqwxu|1 Lw irfxvhv rq wkh frq lfwv ri
lqwhuhvwv wkdw dulvh zlwklq d vrflhw| wr xqghuvwdqg zk| d pl{hg rzqhuvkls uhjlph
rq idupodqg zrxog eh fkrvhq1 Wzr dvvxpswlrqv duh nh| iru vxfk frq lfwv wr
dulvh= odqg dqg oderu duh dvvxphg wr eh frpsohphqwdu| idfwruv dqg odqg lv wkh
uhodwlyho| dexqgdqw idfwru1 Wkh ￿uvw dvvxpswlrq lv qrw xquhdvrqdeoh1 Fruqld
+4<;8, hvwlpdwhv rxwsxw hodvwlflw| ri odqg iru d furvv vhfwlrq ri frxqwulhv dqg ￿qgv
lw wr eh ghfuhdvlqj zlwk wkh odqg0oderu udwlr1 Dq rxwsxw hodvwlflw| ghfuhdvlqj
lq wklv udwlr lv vdwlv￿hg e| d F1H1V1 surgxfwlrq ixqfwlrq rqo| li wkh hodvwlflw|
vxevwlwxwlrq sdudphwhu 4 lv qhjdwlyh1 Wkh wklug nh| hohphqw wr rewdlq wkh uhvxow
lv wkh vwuxfwxuh ri wkh oderu pdunhw/ mxvwl￿hg dv d vrfldo qrup lqkhulwhg iurp wkh
wlphv ri vhpl0vhuigrp/ zklfk lpsolhv wkdw wkh shdvdqwu| lv iudfwlrqdwhg lq wzr
jurxsv zlwk rssrvlwh lqwhuhvwv1 Wkh vrfldo frq lfwv wkdw ghwhuplqh odqg uhirup
duh prghoohg dv d yrwlqj surfhvv1 L kdyh dvvxphg/ iru vlpsolflw|/ wkdw doo yrwhv
56duh htxdoo| zhljkwhg1 Dowhuqdwlyho|/ wr fdswxuh wkh idfw ri wkh shdvdqwv* orzhu
srolwlfdo srzhu/ wkdw rqh kdfhqgdgr*v yrwh lv htxlydohqw wr wzr shdvdqwv*v yrwhv1
Wkh pdlq ihdwxuh ri wkh uhvxow zrxog qrw fkdqjh= li odqg lv vx!flhqwo| dexqgdqw/
d pl{hg rzqhuvkls uhjlph dulvhv1
Gl￿huhqfhv lq surgxfwlylw| ri sulydwho| dqg frpprqo| rzqhg odqg/ prghoohg
dv w ehlqj ohvv wkdq rqh/ fdq eh vwxglhg wr xqghuvwdqg wkh zlgh gl￿huhqfhv lq
odqg uhirup dfurvv uhjlrqv zlwklq wkh vdph frxqwulhv1 Lq Ph{lfr/ iru lqvwdqfh/ wkh
iudfwlrq ri sulydwh odqg lv odujhu lq wkh qruwkhuq vwdwhv/ zkhuh luuljdwlrq lv pruh
h{whqghg dqg zkhuh wkh gl￿huhqfhv ri surgxfwlylw| ehwzhhq sulydwh idupv dqg
hmlgrv lv vpdoohvw/ wkdq lq wkh vrxwkhuq vwdwhv wkdw prvwo| jurz udlq0ihg fursv15:
Gl￿huhqfhv lq w dfurvv uhjlrqv pljkw khos xv wr xqghuvwdqg vxfk yduldwlrqv1
Wkh prgho devwudfwv iurp fdslwdo dffxpxodwlrq> prghoolqj lw h{solflwo| zh
zrxog rewdlq gl￿huhqfhv lq surgxfwlylw| ehwzhhq wkh sulydwh dqg frppxqdo idupv
hqgrjhqrxvo| dqg zh zrxog vhh wkh hyroxwlrq ri wkh odqg uhirup ghshqglqj rq wkh
ohyho ri zhdowk ri wkh hfrqrp|1 Wkh uhvxow zrxog jlyh xv vrph lqvljkw derxw wkh
hyroxwlrq ri wkh surshuw| uljkwv v|vwhp fkrvhq e| wkh vrflhw| ryhu wlph1
Wkh prgho fdq eh xvhg wr rewdlq lpsolfdwlrqv derxw wkh g|qdplfv ri odqg
uhirup= dv srsxodwlrq lqfuhdvhv/ wkh dprxqw ri sulydwho| rzqhg odqg lqfuhdvhv1
Lq Ph{lfr/ wkh dprxqw ri sulydwho| rzqhg odqg kdv ghfuhdvhg wr eh 83 shufhqw
ri wkh idup odqg lq wkh 4<;3*v1 Qhyhuwkhohvv/ dv \dwhv +4<;4, srlqwv rxw/ wklv
hylghqfh klghv wkh idfw wkdw d vxevwdqwldo dqg lqfuhdvlqj iudfwlrq ri wkh hmlgdo
odqg ￿odujhu wkdq 83 shufhqw lq wkh luuljdwhg glvwulfwv￿ zdv ehlqj uhqwhg rxw
wr sulydwh rshudwruv loohjdoo|/ zklfk vxjjhvwv wkdw wkh e￿￿_J phpehuv zhuh/ gh
idfwr/ dftxlulqj uljkwv wr wkh odqg1 Lq 4<<5/ wkh Ph{lfdq jryhuqphqw fkdqjhg wkh
Frqvwlwxwlrq vr wkdw wkh e￿￿_J phpehuv zhuh doorzhg wr glylgh wkh hmlgdo odqg
dqg ehfrph rzqhuv1 Lq wkh whupv ri wklv prgho/ wkh| zhuh pdgh vpdoo rzqhuv1 Wr
prgho wklv hyroxwlrq ri wkh uhirup/ zh vkrxog wdnh lq dffrxqw wkh h{lvwhqfh ri dq
xuedq vhfwru wkdw zdqwv wr kdyh fkhds djulfxowxudo jrrgv> wkxv/ wkh| idyru jlylqj
wkh shdvdqwv wkh rzqhuvkls ri wkh odqg/ vlqfh lw lqfuhdvhv wkh djjuhjdwh ohyho ri
surgxfwlylw| lq wkh djulfxowxudo vhfwru1
5:Uhsruwhg e| Qjx|hq dqg Pduw￿qh} Vdog￿ydu +4<:<,1
57Dsshqgl{
41 Wkh Zhdnhqlqj ri wkh Frorqdwr Uhjlph= Odqg Lqydvlrqv
dqg wkh Dprxqw ri Irupdo Odqg






























vdwlv￿hv = #Ef ￿’f c#E￿￿ lv vwulfwo| lqfuhdvlqj lq wkh lqwhuydo
Efcu ￿￿/ dqg #E,￿’
￿3￿







Surri1 Wkh h{lvwhqfh ri wkh ixqfwlrq # lq wkh lqwhuydo Efcu￿￿ lv hqvxuhg e|






Ohppd 4151 Ohw xv ghqrwh ,8E%￿ ￿ %
#E%￿ dqg ,UE%￿ ￿
7 u3%
￿3￿3#E%￿/ zkhuh % ghqrwhv
wkh dprxqw ri irupdo odqg dqg ohw xv gh￿qh , ￿
7 u
￿3￿1 Iru dq| srvlwlyh dprxqw ri
irupdo odqg % ohvv wkdq u￿/ wkh odqg0oderu udwlrv lq erwk vhfwruv vdwlvi|
41 ,8E%￿ ￿, UE%￿ li ￿ ￿ ￿ ￿ [￿
51 ,8E%￿’,UE%￿ li ￿ ￿ ￿ ’[ ￿















￿UE,c￿￿/ zklfk lv juhdwhu wkdq 4 vlqfh ￿ ￿ ￿￿[/ zklfk frqwudglfwv
wkdw ￿E%c#E%￿￿ ’ ￿UE%c#E%￿￿1 Wkxv/ ,8E%￿ ￿, UE%￿￿ Wkh rwkhu fdvhv duh suryhg lq
vlplodu zd|1
Ohppd 4161 Wkh h{suhvvlrq ,￿
￿E%￿ ghqrwhv wkh ghulydwlyh zlwk uhvshfw wr wkh





UE%￿’f /w k h q,￿
8E%￿’,￿
UE%￿’f 1
Surri1 Vlqfh wkh zdjh dqg wkh lqirupdo lqfrph ghshqg rqo| rq wkh odqg0oderu
udwlr/ erwk udwlrv kdyh wr pryh dozd|v lq wkh vdph gluhfwlrq1




￿ Li ￿ ￿￿￿[/ wkh udwlr ,8E%￿
lv d vwulfwo| lqfuhdvlqj ixqfwlrq ri %1L i ￿ ￿ ￿ ’ [/w k h q,8E%￿’,UE%￿’,1L i
￿ ￿ ￿ : [/w k h q,UE%￿ lv d vwulfwo| ghfuhdvlqj ixqfwlrq ri %1
58Surri1 Dvvxph wkdw ￿ ￿ ￿￿[1 Ohw xv dvvxph wkdw ,￿
8E%￿ ￿ f lq wkh qhljkeru0
krrg ri vrph %1 E| gh￿qlwlrq/ wkh udwlrv vdwlvi| ,8E%￿￿%n,UE%￿￿E7 u￿%￿’￿ ￿￿1
Gl￿huhqwldwlqj erwk vlghv zlwk uhvshfw wr % dqg wdnlqj lq dffrxqw wkdw/ e| Ohppd
415/ ,8E%￿ ￿, UE%￿/ zh rewdlq ,￿
UE%￿ : f/ zklfk frqwudglfwv Ohppd 4161 Wkh rwkhu
wzr fdvhv duh suryhg lq wkh vdph zd|1
Sursrvlwlrq 4181 Li w : E￿ ￿ 4￿
￿34







￿ ￿ #E,￿ shdvdqwv
lqydgh wkh odqg ohiw lgoh
7 u
￿ ￿ ,￿






iru dq| qxpehu ri shdvdqwv duelwudulo| forvh wr
￿3￿

















1 Khqfh/ li wkh dprxqw












shdvdqwv uhpdlq zrunlqj iru wkh
















4 wkhq/ ￿ , : K#E￿ ,￿








Surri1 Vlqfh w:E￿ ￿ 4￿
￿34











lv juhdwhu wkdq K1 Vlqfh ￿ ￿ [ n ￿ Sursrvlwlrq 417 hqvxuhv wkdw wkh udwlr
,









’ K1 Wklv ydoxh ￿ , vdwlv￿hv
Y￿￿E#E￿ ,￿c￿ ,￿




Ys #￿E￿ ,￿ : f￿ Lw









#E￿ ,￿ ’ K￿ Li ￿ , grhv qrw h{lvw lw lpsolhv wkdw ,:K#E,￿/ iru doo ,1








51 D Odwlq Dphulfdq Odqg Uhirup
5141 Wkh Lqglylgxdov* Suhihuhqfhv rq Irupdo Odqg dqg wkh Yrwlqj Rxw0
frph
Sursrvlwlrq 5141 Li ￿ ￿ [n￿/ wkh irupdo zrunhuv* suhihuhqfhv duh vlqjoh0shdnhg
dqg wkhlu prvw suhihuuhg yrwlqj rxwfrph lv 7 u/ iru doo 81
59Surri1 Ohw xv ghqrwh dv ,8E8c,c)E8c,￿￿ wkh odqg0oderu udwlr lq wkh irupdo vhf0











1 Iru dq| dprxqw ri irupdo odqg ,
￿ bE8￿/ ,8E8c,c)E8c,￿￿ ’ ,




Y, : f1 Li ,￿b E8￿/
,8E8c,c)E8c,￿￿ ’
,
#E,￿/ dqg Sursrvlwlrq 417 lpsolhv wkdw
_,8 E8c,c)E8c,￿￿
_, : f1 Wkxv/
wkh suhihuhqfhv duh vlqjoh0shdnhg dqg wkhlu prvw suhihuuhg rxwfrph lv 7 u/ iru doo
81
Sursrvlwlrq 5151 Li ￿ ￿ [ n ￿/ wkh lqirupdo zrunhuv* suhihuhqfhv duh vlqjoh0
shdnhg dqg wkhlu prvw suhihuuhg yrwlqj rxwfrph lv bE8￿ 5 Efc 7 u￿/ iru dq| 8 5
Efc￿￿ ￿￿￿
Surri1 Wkh lqirupdo lqfrph lv ￿UE8c,c)E8c,￿￿ ￿w E￿,UE8c,c)E8c,￿￿4 nE ￿￿ ￿￿￿
￿
41
Wkh h{suhvvlrq ,UE8c,c)E8c,￿￿ ghqrwhv wkh lqirupdo odqg0oderu udwlr1 Iru dq|




_, ￿ f> wkxv/ ￿U lv d
ghfuhdvlqj ixqfwlrq ri ,/ iru dq| ,:b E8￿1 Li , ￿ bE8￿/ ,UE8c,c)E8c,￿￿ ’
7 u3,
￿3￿3#E,￿/
dqg lw iroorzv iurp Sursrvlwlrq 417 wkdw
7 u3,
￿3￿3#E,￿ lv lqfuhdvlqj zlwk ,￿ Wkxv/ wkh
lqirupdo zrunhuv prvw suhihuuhg rxwfrph lv bE8￿￿













K8 ￿s KE8￿ ￿ bE8￿
rJ6e , 5 EK8cbE8￿oc J|￿eo￿￿re￿
Surri1 ￿￿ lv d vwulfwo| frqfdyh ixqfwlrq ri odqg1 K8 vdwlv￿hv
Y￿￿E8cK8c8￿
Y, ’ f iru
dq| 8￿
Ohw xv dvvxph wkdw K8 ￿ bE8￿/ wkhq )E8cK8￿ ’ 81 Sursrvlwlrq 417 hqvxuhv
wkdw Ks:b Es￿/ iru doo s￿8 > wkdw lv/ K#E,￿ :, / zkhuh , ’ bEs￿/ s￿8 1 Frqfdylw|











Y, / zklfk lv srvlwlyh iru , ￿ K8 dqg qhjdwlyh iru ,:
K81 Wkhuhiruh/ 1E8￿’K 81


















Ys ￿)￿E6c,￿ : f/ )￿E6c,￿ ￿ #￿E*￿1
Wkxv/ frqwlqxlw| ri
_￿￿E6c,c)E6c,￿￿
_, hqvxuhv wkdw wkhuh h{lvwv 1E6￿ 5 EK6cbE6￿o wkdw
pd{lpl}hv ￿￿￿







2 ￿ ￿ ￿￿E￿ ￿ ￿c 7 uc￿ ￿ ￿￿ li ￿ ￿ k,E￿￿/ zkhuh


















￿ Wkhuh h{lvwv ￿:￿ vxfk wkdw
iru doo ￿ ￿
7 u
K￿/ k,E￿￿ vdwlv￿hv f ￿ k,E￿￿ ￿
￿
2 dqg lw prqrwrqlfdoo| lqfuhdvhv zlwk
w k hv l } hr iw k hsrsxodwlrq1






2 ￿’￿￿E￿ ￿ k,E￿￿c 7 uc￿￿















￿/ wkh lqhtxdolw| lv vwulfw dqg lw lv uhyhuvhg li
7 u
K￿ ehfrphv duelwudulo| odujh1 Khqfh/
wkhuh h{lvwv ￿:￿ vxfk wkdw iru dq|
7 u
K￿ ￿ ￿/ k,E￿￿ ￿ f￿ Lw lv vwudljkwiruzdug wr
suryh wkdw k,E￿￿ lv prqrwrqlfdoo| lqfuhdvlqj zlwk ￿ dqg kdv dq xsshu erxqg dw
￿
2 / iru dq| ￿ ￿
7 u
K￿1
61 Srsxodwlrq Vl}h dqg wkh Rzqhuvkls Uhjlph
Sursrvlwlrq 6141 Ohw xv dvvxph wkdw w lv ohvv wkdq E￿ ￿ 4￿
￿34
4 1 Iru dq| ￿ vxfk
wkdw
27 u
K ￿ ￿ ￿ [ n ￿/ wkh qxpehu ri irupdo zrunhuv lv 8 ’
￿
2 dqg wkh dprxqw
ri irupdo odqg lv u ’ 7 u1
Surri1 Iru dq| jlyhq qxpehu ri irupdo zrunhuv/ 8/ wkh irupdo dqg lqirupdo zrun0
huv* prvw suhihuuhg yrwlqj rxwfrph duh 7 u dqg bE8￿/ uhvshfwlyho|1 Wkh dulvwrfudwv*




/ dv lw iroorzv iurp Sursrvlwlrq 5161 Wkh
dulvwrfudwv dozd|v fkrrvh 8 ￿
￿








yrwlqj rxwfrph lv hlwkhu K8 ru 7 u￿ Lq hlwkhu fdvh ￿￿ lv dq lqfuhdvlqj ixqfwlrq ri wkh








K ￿ ￿/ lw iroorzv wkdw 7 u￿K
￿






yrwlqj rxwfrph lv uE8￿’7 u1 Jlyhq wkdw wkh yrwlqj rxwfrph grhv qrw ghshqg
rq wkh qxpehu ri irupdo zrunhuv/ dqg vlqfh ￿￿ lv vwulfwo| lqfuhdvlqj lq oderu/ lw
iroorzv wkdw 8 ’ ￿ ￿ ￿￿
Sursrvlwlrq 6151 Iru dq| ￿ : [n￿/ iru dq| 8 5 Efc￿￿￿￿/ wkh irupdo zrunhu*v
suhihuhqfhv kdyh d plqlpxp dw bE8￿￿ Wkh irupdo zrunhu*v prvw suhihuuhg rxwfrph
lv uE8￿’fli 8:l E￿c￿￿ dqg lw lv uE8￿’7 u rwkhuzlvh1
Surri1 Vlqfh wkh ixqfwlrq # wdnhv ydoxhv lq wkh hqwluh lqwhuydo dfc￿￿￿o/ iru dq|
8 5 Efc￿￿ ￿￿ wkhuh h{lvwv bE8￿/ vxfk wkdw 8 ’ #EbE8￿￿1 Iru dq| dprxqw ri
5;odqg ,￿b E8￿/ )E8c,￿’#E,￿/ zklfk lv ohvv wkdq 8￿ Lw iroorzv iurp Sursrvlwlrq 417
wkdw wkh zdjh ghfuhdvhv zlwk wkh dprxqw ri irupdo odqg lq wkh lqwhuydo dfcbE8￿￿￿
Iru dq| dprxqw ri odqg ,:b E8￿/ )E8c,￿’8> lw lpsolhv wkdw wkh zdjh vwulfwo|





zrunhu*v prvw suhihuuhg rxwfrph lv hlwkhu f ru 7 u/ ghshqglqj rq zklfk dvvrfldwhg
ohyho ri frqvxpswlrq lv kljkhvw1 Frqwlqxlw| ri wkh zdjh dqg wkh lqirupdo lqfrph
hqvxuhv wkdw wkhuh h{lvwv d qxpehu ri irupdo zrunhuv














n E￿ ￿ ￿￿
￿ ￿








vxfk wkdw li 8 ￿ lE￿c￿￿/ wkh irupdo zrunhuv suhihuhqfhv duh pd{lpl}hg dw 7 u1L i
8:l E￿c￿￿/ wkh| duh pd{lpl}hg dw f1
Sursrvlwlrq 6161 Iru dq| ￿ : [ n ￿/ wkh lqirupdo zrunhu*v suhihuhqfhv duh
prqrwrqlfdoo| ghfuhdvlqj lq wkh dprxqw ri irupdo odqg1
Surri1 Iru dq| dprxqw ri irupdo odqg f ￿ ,￿b E8￿/ lw iroorzv iurp Sursrvlwlrq
417 wkdw wkh lqirupdo lqfrph lv vwulfwo| ghfuhdvlqj zlwk wkh dprxqw ri irupdo odqg1
Iru dq| bE8￿ ￿,￿7 u/ doo wkh irupdo zrunhuv vwd| lq wkh irupdo vhfwru/ )E8c,￿’8
dqg wkh lqirupdo lqfrph vwulfwo| ghfuhdvhv zlwk ,1







Wkhuh h{lvwv C : [n￿/ zklfk vdwlv￿hv lECc￿￿ ’
￿
2 ￿ ￿c vxfk wkdw li ￿ ￿ C/w k h
qxpehu ri irupdo zrunhuv lv 8 ’ lE￿c￿￿ dqg wkh dprxqw ri irupdo odqg lv u ’ 7 u￿
Li ￿:C/ wkh qxpehu ri irupdo zrunhuv olhv lq wkh lqwhuydo dfc￿￿ ￿o dqg wkh
dprxqw ri irupdo odqg lv u ’f 1
Surri1 Vlqfh wkh lqirupdo zrunhuv* prvw suhihuuhg rxwfrph lv }hur/ wkh dulvwr0
fudwv fkrrvh 8 vxfk wkdw 8 n ￿ ￿
￿
2 / zklfk/ jlyhq wkh dvvxpswlrq rq wkh vl}h
ri wkh srsxodwlrq lpsolhv wkdw wkh dulvwrfudwv* prvw suhihuuhg rxwfrph lv 7 u1 Wkh
dulvwrfudwv gr qrw fkrrvh 8:l E￿c￿￿/ vlqfh doo wkh shdvdqwv* prvw suhihuuhg rxw0








2 ￿￿ ￿ lE￿c￿￿￿ Wkh udwlr
lE￿c￿￿n￿
￿ ghfuhdvhv prqrwrqlfdoo| zlwk ￿/
vlqfh 4 lv dvvxphg wr eh ohvv wkdq 041 Wkxv/ wkhuh h{lvwv d vl}h ri wkh srsxodwlrq




21 Wkxv/ li ￿ ￿ C/ 8 ’ lE￿c￿￿ dqg u ’ 7 u1
Li ￿￿C/ u ’f / uhjdugohvv ri wkh qxpehu ri irupdo zrunhuv1
5<71 Gl￿huhqfhv lq Surgxfwlylw|




2￿￿ ￿ ￿￿E￿ ￿￿c 7 uc￿ ￿￿￿/ iru dq| qxpehu ri dulvwrfudwv ￿ ￿ f/l i
wkh srsxodwlrq vl}h vdwlv￿hv ￿ ￿
7 u











4 cE￿ ￿ 4￿3￿
￿
vxfk wkdw iru dq| w ￿ w




Surri1 Li w lv duelwudulo| forvh wr E￿￿4￿
￿34
4 / V ehfrphv duelwudulo| odujh1 Iru w ’
E￿ ￿ 4￿3￿/ V ’ ￿1 Wkxv/ vlqfh ￿:￿/ wkhuh h{lvwv w
W lq wkh lqwhulru ri wkh lqwhuydo
iru zklfk ￿nV
2 ’ ￿1
Ohppd 7151 Ohw w vdwlvi| E￿ ￿ 4￿
￿34
4 ￿ w ￿ w































2 ￿ lv vdwlv￿hg li wkh qxpehu ri
dulvwrfudwv htxdov ￿ ￿nV
2V ￿
7 u
KV/ zklfk L fdoo k￿E￿￿1 Wklv qxpehu lv qrq qhjdwlyh li
￿ ￿
27 u














Sursrvlwlrq 7161 Ohw w vdwlvi| E￿￿4￿
￿34
4 ￿ w ￿ w
W1 Iru dq| srsxodwlrq vl}h wkdw
vdwlv￿hv 27 u
KE￿nV￿ ￿ ￿ ￿
7 u
K￿ dqg ￿ ￿ k￿E￿￿/ wkh htxloleulxp qxpehu ri zrunhuv lv
8 ’ ￿
2 dqg wkh dprxqw ri irupdo odqg lv u ’ K￿
2 1
Surri1 Lqglylgxdov* suhihuhqfhv rq irupdo odqg duh vkrzq lq Sursrvlwlrqv 514/ 515
dqg 5161 Ohppd 715 hqvxuhv wkdw ￿E￿
2 cK￿
2 c ￿
2 ￿ ￿ ￿UE￿
2 cK￿
2 c ￿
2 ￿> lq rwkhu zrugv/
bE
￿
2 ￿ ￿ K
￿
2 1 Lw iroorzv wkdw K
￿
2 lv wkh yrwlqj rxwfrph li 8 ’
￿
2 1 Sursrvlwlrq 517
hqvxuhv wkdw iru dq| ￿ ￿
7 u
K￿/ wkh dulvwrfudwv fkrrvh 8 ’
￿
2 / uhjdugohvv ri wkhlu
jurxs vl}h/ phdvxuhg dv ￿1
Ohppd 7171 Ohw ￿ ￿ ￿
2 / ￿ ￿ [n￿ dqg 8 ￿ ￿
2 ￿ Li ￿E8cK8c8￿ ￿￿ UE8cK8c8￿/
wkhq wkh yrwlqj rxwfrph lv uE8￿’bE8￿￿
Surri1 Li ￿E8cK8c8￿ ￿￿ UE8cK8c8￿ wkhq/ bE8￿ : K8> rwkhuzlvh/ wkh lqhtxdolw|
zrxog eh uhyhuvhg1 Lqglylgxdov suhihuhqfhv duh vkrzq lq Sursrvlwlrqv 514/ 515
dqg 5161 Wkh wkuhh fdqglgdwhv wr eh d yrwlqj rxwfrph vdwlvi| 1E8￿ ￿ bE8￿ ￿
7 u1 Ohw xv dvvxph wkdw 8 ’ ￿
2 1 Vlqfh suhihuhqfhv duh vlqjoh shdnhg/ lw iroorzv
wkdw 7 u fdqqrw eh d yrwlqj rxwfrph/ ehfdxvh lqirupdo zrunhuv dqg dulvwrfudwv duh
wkh pdmrulw| dqg 1E8￿ fdqqrw eh wkh yrwlqj rxwfrph hlwkhu/ ehfdxvh irupdo dqg
63lqirupdo zrunhuv suhihu bE8￿ wr 1E8￿1 Wkxv/ li 8 ’
￿
2 wkh dprxqw ri irupdo
odqg lv bE8￿￿ Sursrvlwlrq 517 hqvxuhv wkdw iru dq| ￿ ￿
7 u
K￿ wkh dulvwrfudwv fkrrvh
8 ’
￿
2 / uhjdugohvv ri wkhlu jurxs vl}h/ ￿￿
Sursrvlwlrq 7181 Ohw w vdwlvi| E￿ ￿ 4￿
￿34
4 ￿ w ￿ w




Wkh yrwlqj rxwfrph lv uE ￿ 8￿’bE ￿ 8￿ li wkh qxpehu ri irupdo zrunhuv lv htxdo
wr ￿ 8 dqg wkh srsxodwlrq vl}h vdwlv￿hv ￿ ￿ 27 u
KE￿nV￿/ ru 27 u
KE￿nV￿ ￿ ￿ ￿
7 u
K￿ dqg ￿ :
k￿
Surri1 L suryh wkh sursrvlwlrq surfhhglqj lq vhyhudo vwhsv1
41 Ohw xv dvvxph wkdw
27 u
KE￿nV￿ ￿ ￿ ￿
7 u
K￿ dqg ￿ :k ￿E￿￿￿ Li ￿ dqg ￿ vdwlvi|
wkhvh dvvxpswlrqv lv hdv| wr fkhfn wkdw ￿E8cK8c8￿ ￿￿ UE8cK8c8￿/ iru dq| 8
vx!flhqwo| forvh wr ￿
2 1 Lq rwkhu zrugv/ bE8￿ : K8 lq d qhljkerukrrg ri ￿
2 ￿ Ohw
xv glylgh wkh uhjlrq ri wkh sdudphwhu vsdfh1
4141 Ohw xv dvvxph wkdw 7 u*EKV￿n￿￿￿￿
7 u
K￿ dqg ￿ :k ￿E￿￿1 Wkhq/ wkhuh
h{lvwv ￿ 85 Efc
￿





1 Wkh yrwlqj rxwfrph lv dv iroorzv=
Li ￿ 8 ￿
￿
2 ￿ ￿/ lw iroorzv iurp Ohppd 717 wkdw uE8￿’bE8￿ iru doo 8 ￿
￿
2 1
Wkxv/ uE ￿ 8￿’bE ￿ 8￿1
Li ￿ 8:
￿





2 ￿ ￿ ￿ 8 ￿ ￿ 8/ dqg uE8￿’bE8￿ li ￿ 8￿8￿
￿
2 ￿ Iru dq| 8 ￿ ￿ 8 wkh
dulvwrfudwv* frqvxpswlrq ￿￿EscuEs￿c)EscuEs￿￿ lqfuhdvhv prqrwrqlfdoo| zlwk wkh
qxpehu ri irupdo zrunhuv vlqfh wkh fruuhvsrqglqj yrwlqj rxwfrph lv dozd|v ohvv
wkdq ru htxdo wr wkh dprxqw K81L i￿ 8 vdwlv￿hg ￿ 8 ￿ ￿ 8 wkhq ￿ 8 frxog qrw vroyh






uE ￿ 8￿’bE ￿ 8￿￿
4151 Ohw xv dvvxph wkdw ￿ ￿ 7 u*EKV￿n￿ dqg ￿:k ￿E￿￿1 Wkhq/ bE8￿ : K8/
iru doo 8 ￿
￿
2 1 Lw iroorzv/ iurp Ohppd 717 wkdw uE ￿ 8￿’bE ￿ 8￿1
51 Ohw xv dvvxph wkdw ￿ ￿ 27 u
KE￿nV￿1 Wkhq/ lw lv hdv| wr fkhfn wkdw ￿E8cK8c8￿
￿￿ UE8cK8c8￿/ iru dq| 8 ￿ ￿
2 1 Lq rwkhu zrugv/ bE8￿ : K8/ iru doo 8 ￿ ￿
2 1 Wkxv/
e| Ohppd 717/ uE ￿ 8￿’bE ￿ 8￿￿
Sursrvlwlrq 7191 Ohw w vdwlvi| E￿ ￿ 4￿
￿34
4 ￿ w ￿ w





KE￿nV￿ ￿ ￿ ￿
7 u
K￿ dqg ￿ :k ￿E￿￿/ wkh htxloleulxp qxpehu
ri zrunhuv lv ￿ 8 ￿ ￿
2 dqg wkh yrwlqj rxwfrph lv bE ￿ 8￿/ zkhuh ￿ 8 lv gh￿qhg lq wkh
suhylrxv Sursrvlwlrq
64Surri1 L suryh wkh sursrvlwlrq surfhhglqj lq vhyhudo vwhsv1
41 L dp jrlqj wr suryh wkdw ￿￿E ￿ 8cbE ￿ 8￿c ￿ 8￿ :￿ ￿E￿ ￿￿c 7 uc￿ ￿￿￿/ iru doo ￿
:k ￿E￿￿1







2 ￿c lq rwkhu zrugv/ bE￿
2 ￿ ’K ￿
2 Wkxv/ ￿ 8 ’ ￿
2￿1 Vlqfh ￿ ￿ 7 u*EK￿￿ lw
iroorzv wkdw ￿￿E ￿ 8cbE ￿ 8￿c ￿ 8￿ :￿ ￿E￿ ￿ ￿c 7 uc￿ ￿ ￿￿1
4151 Ohw xv dvvxph qrz wkdw ￿ ’ ￿
2 > lq wklv fdvh/ vlqfh bE￿
2 ￿ ￿ 7 u/ wkh
iroorzlqj lqhtxdolwlhv krog= ￿￿E￿￿￿c 7 uc￿￿￿￿’￿￿E￿
2 c 7 uc ￿




￿￿ ￿E ￿ 8cbE ￿ 8￿c ￿ 8￿1
4161 Zh nqrz wkdw ￿￿E￿ ￿ ￿c 7 uc￿ ￿ ￿￿ ghfuhdvhv prqrwrqlfdoo| dv wkh
qxpehu ri dulvwrfudwv lqfuhdvhv1 L qhhg wr suryh wkdw ￿￿E ￿ 8cbE ￿ 8￿c ￿ 8￿ lv dovr vwulfwo|
ghfuhdvlqj1 Wr gr vr/ L dp jrlqj wr dvvxph wkdw wkh qxpehu ri dulvwrfudwv fdq
ydu|1 L dp jrlqj wr nhhs wkh vdph qrwdwlrq iru wkh vdnh ri vlpsolflw|/ exw zh
vkrxog ehdu lq plqg wkdw zh vkrxog zulwh qrz ￿ 8E￿￿ dqg bE8c￿￿1 ￿ 8 vdwlv￿hv




Y￿￿E ￿ 8c bE ￿ 8￿c ￿ 8￿
Ys ￿ f/ zkhuh
Y￿￿E ￿ 8cbE ￿ 8￿c ￿ 8￿
Ys ￿ f1 Li ￿ 8 lv dq lqwhulru
vroxwlrq/ lw lv hdv| wr fkhfn wkdw lw ghfuhdvhv dv wkh dulvwrfudf| vl}h lqfuhdvhv/





￿ Li ￿ 8 ’ ￿
2 / wkhq lw lv qrq lqfuhdvlqj zlwk wkh qxpehu ri
dulvwrfudwv1 Wr vkrz wkdw ￿￿E ￿ 8cbE ￿ 8￿c ￿ 8￿ ghfuhdvhv zlwk wkh qxpehu ri dulvwrfudwv























zklfk lv qhjdwlyh vlqfh
Y￿￿
Y, lv qhjdwlyh ehfdxvh bE ￿ 8￿ : K￿ 81 Li ￿ 8 ’ ￿
2 / wkh
h{suhvvlrq lq wkh eudfnhwv lv srvlwlyh exw ￿ 8 ￿ ￿ f>w k x v /
_￿￿




￿ Wkxv/ ￿￿E ￿ 8cbE ￿ 8￿c ￿ 8￿ qhyhu furvvhv ￿￿E￿ ￿ ￿c 7 uc￿ ￿ ￿￿/ iru dq| ￿
:k ￿E￿￿1 Lw iroorzv wkdw ￿￿E ￿ 8cbE ￿ 8￿c ￿ 8￿ :￿ ￿E￿ ￿ ￿c 7 uc￿ ￿ ￿￿￿
51 Vr idu/ L kdyh qrw vshfl￿hg wkh vl}h ri wkh srsxodwlrq1 Iru dq| hfrqrp|
wkdw vdwlv￿hv 27 u
KE￿nV￿ ￿ ￿ ￿
7 u
K￿ wkh erxqg k￿E￿￿ lv srvlwlyh1 Iru dq| ￿ :k ￿E￿￿/
￿￿E ￿ 8cbE ￿ 8￿c ￿ 8￿ lv juhdwhu wkdq ￿￿E￿ ￿ ￿c 7 uc￿ ￿ ￿￿> wkxv/ lw lpsolhv wkdw wkh
dulvwrfudwv fkrrvh 8 ’ ￿ 8 dqg wkh yrwlqj rxwfrph lv bE ￿ 8￿￿ Li wkh srsxodwlrq vl}h
vdwlv￿hv ￿ ￿
27 u
KE￿nV￿ wkh erxqg k￿E￿￿ lv ohvv wkdq ru htxdo wr }hur1 Wkh surri deryh










1 Lw lpsolhv wkdw/ li
￿ ￿
27 u
KE￿nV￿/ wkh dulvwrfudwv fkrrvh 8 ’ ￿ 8 dqg wkh yrwlqj rxwfrph lv bE ￿ 8￿￿
65Uhihuhqfhv
^4‘ Eduudforxjk/ V1 dqg Frooduwh/ M1F1 +4<:6, ￿Djuduldq Vwuxfwxuh lq Odwlq
Dphulfd1￿ Oh{lqjwrq Errnv/ G1F1 Khdwk dqg Frpsdq|/ 4<:61
^5‘ Ehqkdele M1 dqg Uxvwlfklql/ D1 +4<<9, ￿Vrfldo Frq lfw/ Jurzwk dqg
Lqfrph Glvwulexwlrq1￿ Mrxuqdo ri Hfrqrplf Jurzwk Yro1 4/ Qr1 4/ Pdufk
4<<91
^6‘ Elqvzdqjhu/ K1S1/ Ghlqlqjhu/ N1 dqg Ihghu/ J1 +4<<5, ￿Srzhu/ Glv0
wruwlrqv dqg Uhirup lq Djulfxowxudo Odqg Pdunhwv1￿ lq Kdqgerrn ri Ghyho0
rsphqw Hfrqrplfv/ Yro1 LLL/ M1 Ehupdq dqg W1Q1 Vulqlydvdq/ Hg1/ 4<<51
^7‘ Elqvzdqjhu/ K1S1/ Ghlqlqjhu/ N1 dqg Ihghu/ J1 +4<<6, ￿Djulfxowxudo
Odqg Uhodwlrqv lq wkh Ghyhorslqj Zruog1￿ Dphulfdq Mrxuqdo ri Djulfxowxudo
Hfrqrplfv/ :8/ Ghfhpehu 4<<61
^8‘ Fruqld/ J1+4<;8, ￿Idup Vl}h/ Odqg \lhogv/ dqg wkh Djulfxowxudo Surgxfwlrq
Ixqfwlrq= Dq Dqdo|vlv iru Iliwhhq Ghyhorslqj Frxqwulhv1￿ Zruog Ghyhors0
phqw/ Yro1 46/ Qr1 47/ 4<;81
^9‘ Gh Mdqyu|/ D1 +4<;4, ￿Wkh Djuduldq Txhvwlrq dqg Uhiruplvp lq Odwlq
Dphulfd1￿ Wkh Mrkq Krsnlqv Xqlyhuvlw| Suhvv/ 4<;41
^:‘ Gh Vrwr/ K1 +4<;<, ￿Wkh Rwkhu Sdwk= Wkh Lqylvleoh Uhyroxwlrq lq wkh Wklug
Zruog1￿ Kdushu dqg Urz/ Sxeolvkhuv/ 4<;<1
^;‘ Hnvwhlq/ V1/ Grqdog/ J1/ Kruwrq/ G1/ dqg Fduuroo/ W1 +4<:;, ￿Odqg Uh0
irup lq Odwlq Dphulfd= Erolyld/ Fkloh/ Ph{lfr/ Shux dqg Yhqh}xhod1￿ Zruog
Edqn Vwd￿ Zrunlqj Sdshu Qr1 5:8/ Dsulo 4<;:1
^<‘ Ioruhv/ H1 +4<:;, ￿Lvvxhv ri Odqg Uhirup1￿ Mrxuqdo ri Srolwlfdo Hfrqrp|/
:;+7,/ Sduw LL/ Mxo|0Dxjxvw1
^43‘ Jurvvpdq/ K1 +4<<4, ￿D Jhqhudo Htxloleulxp Prgho ri Lqvxuuhfwlrqv1￿
Dphulfdq Hfrqrplf Uhylhz/ Yro1 ;4/ Qr1 7/ Vhswhpehu 4<<41
^44‘ Jurvvpdq/ K1 +4<<7, ￿Surgxfwlrq/ Dssursuldwlrq/ dqg Odqg Uhirup1￿
Dphulfdq Hfrqrplf Uhylhz/ Yro1 ;7/ Qr1 6/ Mxqh 4<<71
^45‘ Khdwk/M 1+4<<5, ￿Hydoxdwlqj wkh Lpsdfw ri Ph{lfr*v Odqg Uhirup rq Djul0
fxowxudo Surgxfwlylw|1￿ Zruog Ghyhorsphqw/ Yro1 53/ Qr1 8/ 4<<51
66^46‘ Khdwk/ G1 Hudvpxv/ F1/ dqg Exhfkohu/ K1 +4<9<, ￿Odqg Uhirup dqg
Vrfldo Uhyroxwlrq lq Erolyld1￿ Sudhjhu Vshfldo Vwxglhv lq Lqwhuqdwlrqdo Hfr0
qrplfv dqg Ghyhorsphqw/ 4<9<1
^47‘ Krurzlw}/ D1 +4<<6, ￿Wlph Sdwkv ri Odqg Uhirup= D Wkhruhwlfdo Prgho ri
Uhirup G|qdplfv1￿ Dphulfdq Hfrqrplf Uhylhz/ Yro1 ;6/ Qr1 7/ Vhswhpehu
4<<61
^48‘ Luhvrq/ Z1U1 +4<;:, ￿Odqgkroglqj/ Djulfxowxudo Prghuql}dwlrq dqg Lqfrph
Frqfhqwudwlrq= D Ph{lfdq H{dpsoh1￿ Hfrqrplf Ghyhorsphqw dqg Fxowxudo
Fkdqjh/ 4<;:1
^49‘ Nd|/ F1 +4<;5, ￿Dfklhyhphqwv dqg Frqwudglfwlrqv ri wkh Shuxyldq Djuduldq
Uhirup1￿ Mrxuqdo ri Ghyhorsphqw Vwxglhv/ Yro1 4;/ Qr1 5/ Mdqxdu| 4<;51
^4:‘ Nuxvhoo/ S1/ Txdgulql/ Y1 dqg U￿rv0Uxoo/ Y1 +4<<7, ￿Srolwlf Hfrqrplf
Htxloleulxp dqg Hfrqrplf Jurzwk1￿ iruwkfrplqj lq wkh Mrxuqdo ri Hfrqrplf
G|qdplfv dqg Frqwuro1
^4;‘ Prxolq/ K1 +4<;3, ￿Rq Vwudwhj|0Surriqhvv dqg Vlqjoh Shdnhgqhvv1￿ Sxeolf
Fkrlfh 68/ 76:088/ 4<;31
^4<‘ Pduwlqh} Khuqdqgh}/ U1 +4<<5, ￿Ph{lfr*v Djuduldq Uhirup dqg lwv Lq x0
hqfh rq wkh Hfrqrplf Jurzwk ri Djulfxowxuh1￿ Sk1G1 Glvvhuwdwlrq/ Ydqghuelow
Xqlyhuvlw|1
^53‘ Ph}d/ G/ dqg Jrxog/ M1U1 +4<<5, ￿Wkh Vrfldo H!flhqf| ri Sulydwh Gh0
flvlrqv wr Hqirufh Surshuw| Uljkwv1￿ Mrxuqdo ri Srolwlfdo Hfrqrp|/ Yro1 433/
Qr1 6/ 4<<51
^54‘ Prhqh/ N1R1 +4<<5, ￿Sryhuw| dqg Odqgrzqhuvkls1￿ Dphulfdq Hfrqrplf
Uhylhz/ Yro1 ;5/ Qr1 4/ Pdufk 4<<51
^55‘ Pxhoohu/ G1 +4<;<, Sxeolf Fkrlfh LL1 Fdpeulgjh Xqlyhuvlw| Suhvv1
^56‘ Qjx|hq/ G1W1 dqg Pduwlqh} Vdog￿ydu/ P1O1 +4<:<, ￿Wkh H￿hfwv ri Odqg
Uhirup rq Djulfxowxudo Surgxfwlrq/ Hpsor|phqw dqg Lqfrph Glvwulexwlrq=
D Vwdwlvwlfdo Vwxg| ri Ph{lfdq Vwdwhv/ 4<8<09<1￿ Wkh Hfrqrplf Mrxuqdo/ ;</
Vhswhpehu 4<:<1
^57‘ Rwvxnd/ N1/ Fkxpd/ K1 dqg Kd|dpl/ \1 +4<<5, ￿Odqg dqg Oderu Frq0
wudfwv lq Djuduldq Hfrqrplhv= Wkhrulhv dqg Idfwv1￿ Mrxuqdo ri Hfrqrplf
Olwhudwxuh/ Yro1 [[[/ Ghfhpehu 4<<51
67^58‘ Ud|/ G1 dqg Vwuhxihuw/ S1D1 ￿G|qdplf Htxloleuld zlwk Xqhpsor|phqw
gxh wr Xqghuqrxulvkphqw1￿ Hfrqrplf Wkhru|/ 6/ 4<<61
^59‘ Vdgrxohw/ H1 +4<<5, ￿Oderu0Vhuylfh Whqdqf| Frqwudfwv lq d Odwlq Dphulfdq
Frqwh{w1￿ Dphulfdq Hfrqrplf Uhylhz/ ;5+7,/ Vhswhpehu 4<<51
^5:‘ Wklunv/ Z1 +4<:7, ￿Idfwru Vxevwlwxwlrq lq Frorpeldq Djulfxowxuh1￿ Dphu0
lfdq Mrxuqdo ri Djulfxowxudo Hfrqrplfv/ Iheuxdu| 4<:71
^5;‘ Zlonlh/ M1Z1 +4<:7, ￿Phdvxulqj Odqg Uhirup1￿/ XFOD Odwlq Dphulfdq
Fhqwhu/ Xqlyhuvlw| ri Fdoliruqld/ Orv Dqjhohv/ 4<:71
^5<‘ Zlonlh/ M1Z1 +4<<6, ￿Vwdwlvwlfdo Devwudfw ri Odwlq Dphulfd1￿ Yro1 631 Sduw
4/ XFOD Odwlq Dphulfdq Fhqwhu/ Xqlyhuvlw| ri Fdoliruqld/ Orv Dqjhohv/ 4<<61
^63‘ \dwhv/ S1O1 +4<;4, ￿Ph{lfdq Odqg Uhirup= D Frpphqw1￿ Wkh Hfrqrplf
Mrxuqdo/ <4/ Vhswhpehu 4<;41
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form al land G F l (F)
w( F, l , j (F,l))
C A (F,l,j (F,l))
C  ( F, l , j (F,l))
 Fi gure 3
N > Y+A 
 Fi gure 6
l (F) form al land
C  ( F, l , j (F,l))
l (F) form al land
C   (F ,l,j (F,l)) C   (F ,l,j (F,l))
C  ( F, l , j (F,l))
w( F, l , j (F,l))
w( F, l , j (F,l))
C  ( F, l , j (F,l))
A
L
_
L
_
L
_
L
_
L
_
L
_
L
_
L
_
L
_
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